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The purpose of this study

kindargarteh and first-grade children's pe
subtraction problems presented in two contexts: verbal (in which ,

problem data were linked to physical referents such as objects or

was to describe and compare
rformance on addition and

people and their actjons), and abstract (in which no such links to
physical situations occurred). Fifty kindergarteners and 54
first-graders were individually interviewed in mid-year to observe
their,solution strategies and errors on 12 .abstract and 12 verbal P
addition and subtraction problems: The kihdegarten problems contained
sums and minuends less than 10. For first-graders, the sums and
minuends ranged from 6 through 15. All problems were based on the

open sent&nces a+b=?, a-b=?, and a+?=c. Upon completion of the

problems, subjects in each grade were clustered according to the
solution strategies they employed and according to the types ‘of
problems they cquld solve. Results indicated that verbal and abstract

‘problems were of equal difficulty for subjects in both grades.

Although kindergdrteners used essentially the same strategies to
solve verbal and abstract problems, first-graders exhibited less
frequent use of concrete representation Btrategies on abstract than
on verbal problems. Subjects in the two grades committed essentially

.the same types of errors, although the frequency of occurrence of

most errorg was lower at the first-grade level. At both grade levels
a variety of individual differences were evident in the types of

strategies sub
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The mission of the Wisconsin Research and Development Center
is to understand, and to help educators deal with, diversity
among students. The Center pursues its mission by conducting
and synthesizing research, developing strategies and materials,
and disseminating khowledge bearing upon the education of
individuals and diverse groups of students in elemeniary and
secondary schools. Specifically, the Center investigates
. 4
. e diversity as a basic fact of human nature, through
" studies of learning and development .
Al . . M
e diversity as a central challenge for, educational
téchniques, through studies of classroom
procésses

[y

e diversity as a key issue in relations between
v individuals and institutions, through studies of
school processes

e diversjty as a fundamental question in American
social thought, through studies of social policy
related to education
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ABSTRACT

-

"KINDERGARTEN AND FIRST-GRADE CHILDREN'S STRATEGIES ¢

A -

E2) - . M
FOR SOLVING' ADDITION AND SUBTRACTION PROBLEMS IN "~,

-

ABSTRACT AND VERBAL+ PROBLEM CONTEXTS

‘Glendon Wilbur Blume . ] .
Under the supervision of Professor J. Fred Weaver
. h

: , _ .
The purpose 'of this study.was to describe and

',compare kindergarten and first-gréde children's

perforhance on addition:and subtraction problems

.

presented in ‘verbal (word) problem and abstract conteits.

Eifty/kinderéartpefg‘ind fifty-four fﬁ&st-draders were

!

individually interviewed in mid-yéar to observe their

-

solution strategies and errors on twelve abstract ahd
twelve verbal addition and éubtfaction problems,

_The kindezgarte? problems contained sums and

minuends less than ten, and for first—graders, sums and

minuends ranged from six through fifteef. All problems
were based on the open sentences a+q=_, a-b=_, -and a+_=c.
o .

The verbal problegb included action (Join) énd static

- -

(Combine) addition, and action (Separate and‘Jbin/Change

- !
Unknown) subtraction problems. Subtraction problems

\

included both small and large differences (e.g., 11-8=__
and 11-3=__). ‘ﬁhe'abstract problems paralleled the

3

4

N
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]
. ]

verbal problems and were presented in wriftgn number
sentence mode to firkﬁ-graders and oral mode (e.g., "Two

- - and three are how man&?')‘!o kindergartners. All
kindergarten subjects and half’ of the first-grade
i " . subjécts had manipuiatives available ;hrougﬁoqt the

:‘ ' '; R TN R
., interviews. - RS . 4 )

i - s At.both grade levels there were no significant

differences in thé difficulty of Qerbal and abstract

problems. Héwever, subjécts used strategies iqvolv;ng

| coﬁcrete repfgéentatidﬁ (w%tﬁ manipulqtivesegr fingeks)
. .,. ié;s :&Fﬁ abé;ract_thaq verbal problems.and guessing

occurred more’frequently on th abstraC£lproblems. ~At

‘ i . both'grade 1e;eis_and‘for problems in Both contexts, the

) ‘ ' subjects3~sbrategies mirrored :;e stkucéqre of the

5’; problems. »>The errors exhibited'af thé two gradg levels

) were similar, but first-grade subjects experienced fewer

*

4

diffisﬁlties in modeling the relationship or action in

S -

the problems.

'Spbjectg in each grade were clustered according to .,

g

the solution strategies theigempipyed a7d according to

- the types of problems they could solve. The clusterings’

¢

"indicated that subjects who were homogeneous in termé of
: ' v

, the types of probl s'they_qould gsolve were heterogeneous

in terms of the solutioh‘strategies they.employed.
X \ p
“ - -~

N ~
.

o

xiv
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The study indicates th;t abstract and verbal
addition and éubt?%ctioh'problems are 6f.equal hiffiéulty
‘oi children at the kindexgarten and'*g
TRis suggests that verbal problems are a poﬁential i

v I

vehicle for,initial instruction on the operatigns of

addition and subtraction.

irst-grade levels. .

4




Chapter I
STATEMENT OF THE'PROBLEM

A substant1a1 portion of chlldren 5 early elementary
mathematics xnstructlon focuses on the operatlons of
addition and subtraction. The considerable rnstructlona{
emphasis accarded to these.operations is warranted b}
their mathematical ;dportance. ‘§1mp%e addition and
subtraction’are encountered often in péople's day-to-day’
activities. Computational skills with addition and
subtraction are universally accepted as "basic skiils'
and invariably appear in lists of minimal éompetencies.
In additi'on to their importance in everyday lifé, the
operationé of addition and}subtraotion are ubiquitous in

»
all levels of mathematics and are often referred to as

¢

two of the "four fundamental operations.” Thus,

1

curriculum developers and teachers justifiably devote

considerable attention to addition aqd subtraction in

I3
]

elementary school mathematics.

Woody (I931) and Ginsburg (1977a) contend that prior

to formal sbhool1ng, children possess important concepts

and skills concernlng mathematics. In particular, within~

their natural environment, children develop informal ways
of dealing with addition and subtraction. When designing
effective instruction and appropriate instructional

materials, it is necessary to take into account the




o - T f2]

infdrmal strategies, procedures, or séills‘children bring
to the ingfructionél process. During the course of
instruction, knowledge about ‘children's ability to create
physical models for addftionvand-subtractfon problems and
information about their stratégies and errors can‘he%p -
teachers to gquide chiIdrén towgrd'more‘abstract'énd
efficient strategies. Aftéé initial instruction has
occurred, the fypés.of sfrategies é/child uses and the
flexibility with which they are 3sed can provide
'ihformétion about the chiiazs general conceptual models
of addition énd subtraction.. Hence, it is important for ,
g teachers and curriculuﬁ deéelopers to have access to
information about how students solbé addition and
subtract%on problems befg;e, during, and éfter initial
insfruéﬁigﬁ én these_top;cé: _
Instruction relatéd b: thﬁﬁopé;ations of addition

€

and subtraction can ocgur in a variety of contexts. The

\ ~

problems used can be vérbal”('word‘ or "story") problems, |

‘¢ . i.e., ones in whi ﬁ the problem is written in pros; and
tlhe problem data‘are embeddgd in a physical®situation.
- .‘~ "Frapk had th;ee'stam;s;\ ﬁ}s mothef gave him 6 mo;i
N stampéﬂ "How many stamps did Frankihave altogether?" is
an exampléxof‘a verbal éfoblem. Inﬁtruction caﬁlalso
entail abstract prgplemS';;'ﬁhich the problem data are
presented without being related to-@ﬁy physical

s P

¥ [ 4

. . .
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[3]
referents. "Six'take'éway fout is how many?" and
"3+__=11" ere ekamples of abstract problems. - Problems

presented in verbal and abstract contexts are quite

d teht. Consequently, it is 1mportant for. teachers

and cur 'culuﬁ'developers to know how children differ in
their approaches to addition. and subtraction in these

contexts, Knowiedée‘about these differences can--

[ . . .
‘. contribute to decisions concerning.how ‘the addition- and

k3

subtract1on operations are’best 1ntrqduced in the school

. .
+ .

mathemat1cs curr1cu1um.

Bumse_nf._:h.e_sr.udy
4 The purpose of this study was to«destribe and

-

compare kindergarted and .first~grade childrsn's
performdnce on adddtion and subtractjon tasks preaented
inh verbal and abstract contexts. The study prov1ded a
.detailed éross-sect1ona1 descr1ption of how ch11dren
solve certain addition and spbtractlon proble@s. This
description was_done both for children who had%received
no formal instructiom on addition and subtraétaon'gnd for
) children who had received initial instruction on these'
operations. The study focused on the prgggssga ch11dren
use to solve addition and subtract1on problems, i,e.,
the1r atteébts to create models or representations df the
qumbers and relagionships or actisns'described in th%

)/) problems, and their solution strategies and errorS, Such

," i ..‘ '
- Y LA
T ‘.

(

e



- The present study was desi
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information on processes is necessary for understanding

individual differences in the way children approach. such

~

problems and for determining the imﬁlicatiohs of those ~
éifferences for instruction. ‘ ]

Previous studies have investigated kindergartners'
and tirst-grade;s' perforﬁ;nce on verbal and/or abstract
aqdition'and subtréction problems, but the focus of mpch
ofAthat rfsearchueas on problem difficulty. Until
recently, most éttdies generated difficulty indiees and

attempted to identify task '‘and subject variables ;

-

‘influencing difficulty rather than attemﬁting to examine

children’s problem solving processes. Recent reseatch

3
has begun to focus more gn the strategies children use to

solye problems in either verpal or abstpact c%?texts.
ed to compaze children's
strategies for é%lving Verbal‘ﬁad apstract‘adéition and
subtraction problems. This comparison is important
becauee different etudies have gerierated competing
hypotheses ahputghew chil@reh solve probieme in the two
c&ntexts. N
Ouestiops Addressed_by_the_Study
‘. The questions of interest in 'the present study were

concerned with quiergartners' and first-graders' ability"

to solve certain abstract.and verbal addition and

subtraction problems and the processes they use fQr

14

\ ) 18
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-

y solving+them. The main ﬁuestions fell into_three
-categbries: gquestions concerning éifferences in
performance‘on ab ct and verbal problems, questions

' \. \: dealing with difference% between the strategies exhibited

by children who have had no instruction on addition ~and .
: A
* subtraction and -those of chlldienﬂwho have' experienced f‘

) . initial instruction, and questions concernlng 1nd1v1d _il \
1
!

differences in young childrenls solution strategies and

. . . . !

. o ability to solve certain addition and subtraction |
problems. - !

: . |

The first group of questions derived from concerns |.
N - ]

about the most appropriate con;ext‘in which to introduc%

the addition and subtraction operations in school \

mathematics. A common assumption made by school - \
s

-

~ .
- mathematics programs and teachers is that verbal problem

. are difficult for children to solve and that childrén
» ) ¢ ! ‘ ‘

must master addition and subtraction facts ffore they

can solve verbal problems. Cafbenter, Hiebert, and Moser
1]

*(1981) and Carpenter and Moser (198l1) provide data
_indicating that this assumptisn may be false and argue
. that verbal problems are a viabfe vehicle for. initial
wo#ﬁ with addition' and suﬁfraction. Documenéaé}on of
“differences in childrén's ability to solve addition and
|

subgraction problems im the two contexts, verbal and

* ’ N abstract, is nécessary for choosing among alternative

¥
!
3
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approaches to initial idstruction on these operations.
3 —_

v «Such ch01ces also depend on d1fferences in the processes

children use‘to solve ‘verbal and\abstract problenms.
) The preced}ng considerations generated soqgral
queStions. 7Aregizﬁdergarten and first-grade children-:
~ better able to solve verbal or“obstract problems? Do
ch1ldren use d1fferent strategies for-solving problems in
' these ;wo contexts? A reasonable h&pothes1s might be ’
that cues from the physical situations make verbal
) . proolems easier for kindéréa{tners £§ solve than abstract
problems. -Such differentjal difficulty might not be ’ L

expected to occur with first-graders whose instruction on .

~ addition and subtréctiop has focused/primarily on

abstract problems, The cues inhereht in verbal problems

might, however, lead to different fstrategies being used
v . for verbal and abstract problems. This raised several
roo '

*f “ further questions. Do the solution strategies used by

kindergarten and first-grade children mirror the - “\\

¥

structure of the problem to the same extent on verbal as -/
on abstract problems? Do children use different
strategies on verbal or abstract problems containing

small /numbers from those they use on problems in which

the numbers are larger?' The pté?!ns study provided data
}pertineoé\to the preceding questions wltg\the intent of

*
k3

Tk presenting a detailed compariaon of children's strategies

A
1}
<




" for solbing and ability to solve problems in two contexts

- 471 .

= ’ ,‘ d

f
i @ s

which can be included in initial instruction relatiny to

the operations of addition and subtraction.

‘ -
"Other questions of interest dealt with differences
s Co.

between the solution processes used by kindergFrtners and

first-graders, i.e., children without formal instruction ,\
on addition and subtraction and children who have

experienced injtial instruction. Do.kindergartners use a

h ]
variety of procedures for solving verbal addition and

‘subtract1on problems? Do these solution strateg1es vary

dependlng on the type of problem, as was the case with
f1rst-graders in Carpenter.gnd Moser (1981)? It,yas
hypothesized that kindergartners would use strategies
bhich.mirrored the contept and:strucgzre of the proBleos
but that toeir strategies would be less abstract than

those .used by f1rst-graders. A relatea q\est1on 1s

'whether- r not f1rst-graders use solutlon strateg1es more

i

1nterchangeab1y than k1ndergartners, i.e., whether f1rst-‘
graders use a var1ety of strategies on a given type of
addition .or subtract1on problem. “The present study

addressed the preced1ng questions by providing Crpss-

_ 8ectional data on solution strategies; similar data on

'children's errors were pertinent to questi®ns concerning

the mistakes and miEconcéptions.exhibited'by children at

these grade levels. In particular, are kindergartners'
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errors both qualitatively and quantitatively different
from those of first-graders? Do kindergartners
misinterpret addition and subtraction problems and use

the wrong operation in their solutions "or are their

~

errors predomihantly procedural errors such as”
miscounting? By addressing the preceding questions the

present study was able to compare a‘yariety of aspects of

.

the processes used by chilgfen with no formal instruction

on addition and subtraction to those.of children who had
oo “
received instryction thereon.

A third group of questjons was concerned with

4

individual rather t%an'group differences in childreé's

’
\

approacﬁes‘to addition and subtraction problems. To what
extent do children differ in their capabilities for
solving abstract and verbal—agdition iFd subtraction £
problems? Can individudls be clustered meaningfully

accoiffng tg the typeé of soluti?n‘strategies they use on ;

addition and subtraction problems? Such a description of

-

 individual differences is useful both fo;'instructional -

design and for classroom diagnosis. The design of
initial instruction on the operations- of addition and
subtraction can be\guidedlby information ébout the
variety and fr&quency of solution stratégies used by
kindergartners and first-graderg: and kno@ledge of the

types of errors exhibited by individuals can”provide a

B
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l}

basre for diagnosis of the misconceptions held by young
children.
| Dsssrintign_gf_the_srudy

The discussion which follows briefly describes the
procedures chosen to addrese the questions_presented in
the preceding section, A aerailed déscription of
empirical procedures is givén in Chapter III. i -\\
Iasks_used_;n_thg_Study '

The items used in Ehe study consisted of a variety

[3

of 51mp1e addltlon and subtraction problems. These o
problems wer: presented in two contexts: verbal problems
in which problem data were linked to- phy51ca1 referents

such as ob]ects or people and their actions, and abstract'

pProblems in which no such 11nksvto physical s1tuations '

_occurred; The abstract additjion problems were of the

'fbrm'a+b= and were presented orally to kxndergartners

¢
and in written number sentence form t to the first-

graders. The verbal\addxtlon problems 1nv01ved el;her

.-actlon or_ static relatlonshlps. "Bill had three books.

" His'friend gave him eight more,boqks. How many books did
-

Bill have altogether?" is an example of an action
problem, and "Jane haﬁ_rour red books. Shd also has
seben greeﬁ books. How many books does Jane have
altogether?” is a problem involving a static relationship

of parts to a whole, - ’

“ -
c i

-
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The two types of abstract uétraction prob;ems used
were 45626 on a-b=__ and a+__= Verbal subtragtion

problems paralleled the abstract ones'and involved

action, as in "Bill had eight books; He gave six of them

to Martha. How many books did Bill have left?" or 'gillr
has two books. How many books does he have to put with :
them so he has eight books ‘altogether?" .
Administration of the Tasks "

Twelve abstract and twelve verbal problems were

separately administered to each subject in two individual

interviews. Manipulative objects (cubes{'were evailab}e
to all kindergartners and half of the first-graders-
throughout.the interviews. During ;he interviews the
subjeqts solved tHb problems without assistance from the
rnterv1ewer and werd often asked to give retrosﬁéctlve
accounts of their procedures upori complettion of a

propblem. When necessary, additional probing questions

A

were asked of the child to Elgrlf;\;oigtlon processes[\\~"”’/

that appeared ambiguous.

Although the preseﬁt study gathered data on porrect

’\\‘?esponses, its primary focus-was on process-related

aspects of children's solutions. Attempts to ‘construct
physical -models of the problem data, solufion strategies,

)

and errors were obse%Ved and coded by the 1nterviewer. A

written record was also made of anecdotal data that were
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considered pertinent.to accurate characterization of 3

individuals' solution processes.
Scope_of the Study - /

YA . The intent of this section is to place fhe study.

-~ within the context of mathematics education research in

L. N

general and-research on addition and subtraction in .
partigulari ‘This section will delimit the study in serms
;of its purpose and implications. tx\\

Romberg and DeVault {1967) identified components of
the mathematics curriculum whichgserve as én

s v -

.organizational framewprk~fof research. The present study

addressed two of these components——mathematics programs
and the learner. .It identified individual differences

among learners; §Q1utidn processes and their ability to
. ° 1 i ' ‘ - (] - N
P solve addition and -subtraction problems with the intent N

<«

of contributing to the specification of appropriate

L3

content in that"portio? of the mathematics curriculum
concerned with initial problem solving experiences in
addition and subtraction. - ) |

’ Within mathematics education research a variety of

; ' " research strategies can be employed. Romberg (1970)
distinguished. two types of research, evaluative and
elemental researcﬁ. The present, study is classified as

that type of elemental research in which the source of

A

the questions is practice-based rather than theory-based. \\\\*\\\\\
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,One type lof practice-based elemental research’is
relational research such as status studies, surve&

research, and ¢orrelational research. T?e present

. inves igation'was a status study, the intent of which was

¢

tordescribe the existing relationship of certain K

variables (problém presentation context; probleft

-

structure, number size, and grade level) to childten's

solution processes for addition and subtraction problems. .

» The scope @f the present 'study can be delimited in
several ways. As a status study the investigation was

concerned with assessing solution processes used by

1]

cliildren at two levels, kindergartﬁers prior to

instruction on the operations of addition and subtraction
[ ]

and first-gFaders after initial instruction. It was not

iconcerned with testing the effects of alternative

3

i . .
insttuctional programs. Although learning may have
| ., N - )

ccurred during the interviews, an attempt was made to

void any direct instructioh during the interviewer/child
i teraqtion. !Consequently, the study was not an ‘
i ﬁt%uctional stﬁd& focdsing‘on intervention. The study
incorporated tasks ifh both verbal and abstract contexts
bu problems in thektwo contexts were administered
inflependently. ﬂt was not d study which attempted to
investigate childrgn's ability to represent verbal

prgblems with number sentences, nor did it attempt to

-

26
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determihe prerequisite relationships among the ability to
solve verbal problems and the ability to construct a {

concrete model or write a number sentence to represent a //J
- -( b L J
verbal ‘problenm.

- [
i 4 had - .

_The preceding delimitations served to focus the

study on two of four potential areas-of-research on

*

verbal and abstfact addition and subtraction problenms.

o

L}

.One area involves the.rélative difficulty of various

~

verbal or abstract problems and includes studies

investigating the influence of subject and task variables-

-

A on the ‘difficulty.of abstract or verbal additibn and

-

‘ snbtraction problems. The second area ‘involves the »

1

processes children use to solve verbal or abstract
problems and is concerned with children's.internal

representifion of addition -and subtraction problems._
. Vs
’ Thie area of .research attempts to describe the

development of children - genetal conceptual models for

.

'addition and subtraction. A third area focuses on the
) 1ogica1 re1ationsh1p between abstract and verbal problems
!«  and the prerequisite relationships among the ability tb

"solve "eﬁ'}al problem, the abiiity to write a number

-
e
">

tenceﬁﬂb'nodel .the verbal.- problem,. and the ability to

e the number -gentence. The fourth area'deais with

' N instrqction and encoupasses°research concerned with the . °

L]

. " timing of the introduction .of written symbolism for

P

- . . , e . . . . 04%

’ . - b - M

. - PR ) »
) ! - . M

“ ’ . . L * . .

- *

#
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addition and sibtraction and with methods of instruction
sthat 1ncorporate varyin&_emphases on verbal and abstract
, problems. The)present study addressed the first and ,

second areas, comparing both difficulty and process- '

-yl

related aspects of performance on verbal and abstract
addition and subtraction problems.

By focusing p{imarily on children's processes this
study differed in emphasis from much of the previous
researcn on addition and subtraction. The focus of the
pressnt study is consistent with LindvakXl and Ibarra's
(1980) suggestion- for research aimed at ‘idqntifg}ﬂgithe/
general nqturg'of the uhderstanding of number sentences
held by.those students who are successful in solving

' them" and identifying "what it is that pupils do when_
' they arrive at cdirect answers to open senteé%es' (p.
.60) .. They‘argue that studying the strategies children
employ can ﬁg;a useful first step to studying
understanding of abstract addition and subtractionqitems.

Ths.purpose of the present study is also consistent with

. Vergnaﬁa's (1979) c0ntentidn'that, although it is

,importsnt to_detetnine item difficulties,'dne should also

' study the complexity of procedures‘or strdtegiss-used on
. uerbal problems.- : . \

~ Bationale and Significance of the Study

Since children enter school with some countihg <)§

]

Q ‘ . 5 " ’ 28




s @
[15]
.
skills already established and since early addition and

subtraction strategies are often couniing-based

(Carpenter & Moser, 198l; Ginsburg & Russell, Note 1), it

is }ogical,io‘investigate whether kindergartners can /.

solve addition and subtraction problems. The research
reviewed in Chapter II pre¢¢ides data indicating %haé some
kindergatten children %?ssess limited aspects of such

ability. Although some information exists on

4 -

~/}\kinderg rtners' performance on addition and subtraction;

extant\research provides no detailed description of the
processeg kindergartners use when attempting to‘solye \
addition and subtraction problems in,aifferent contéxts.,
Carpenter and Moser (1981)'described}strategies used by

first-graders on selected addition and subtraction verbal

" problems. The first-grade verbal problem interviews in

the present study in part replicate the Carpenter and

Moser work and incorporate a more detailed analysis of
—

errors.,

Comprehensive and systematic descriptions of
children's modeling, strategies, and errors ﬁ}ior to |
formal instruction on addition and subtraction are
necessary for one t6 describe individual differences in

children's approaches to and ability to solve addition
and subtraction probleds. The diagnostic information

resulting ﬁ;nmjé;focus on'processes can provide

1

»
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informatien concerninghchfidren'e readinesslfor later
instruction on addiéionjénd'subtraction. Detailed
accounts of children's processes and errors &iela'
1n§otmat1on about the m1sconcept10ns tha‘:ur prior to e
1ns%ruct10n and are- helpful fq“Poth the design of

initial instruction_ and later work with children who . .

continue -to have’ difficulty solving addition and
— N R

‘sueraction problems.

An emphesis on children's stretegies also allows
information to Be;gathered which documents children's .

early problem solving procedures. -The extent to which -

2
—%

* children "invent"  strategies and their use of simple

-

" froblem solving heuristics potentially shed some light on

later difficultieg?witﬁ/or capabilities for more complex /™
mathematical probieﬁ eplving.
NO prev;"s reEeareh has attempted‘to describe
chi}drenﬂs mode(Iing.[‘:ro'ceduresr strategies, and errors on
a range‘df abstract problems. The: present study serves
to £ill .that void.endfto extend the Carpenter and Moser ' . .

used on corrésponQihg abstract items. o
A majer contribution of tns_Present study is -the
comparison of children s performance on addition and

subtraction problems in abstract apd verbal‘Lontexts.

The extent to which children can solve either verbal or
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M :

o

"abstract items and whether o‘c_)t competence on problems

. in one presentation cohtext precedes competence with

”

comparable problems in the other context is important for .
‘curriculum_ decisions concerning content sequencing, i.e.,
decisions about when and how to introduce the operations/
of addition ‘and %ubtra?tion in the school mathematics - ! ,
curricylum. .For examgle,.in‘the absence of direct . *,

. -. . /’
instruction thereon, if verbal problems were more

a
.

difficult than abstract pf%blems, one alternatiye would
be to proceed by initiglly postponing instruction on
verbal addition and subtraction problems. However, if
‘'verbal problem solving were itsélf deemed an important )
objective{ oﬁe might .nevertheless opt for instruction
*that utilized both.contexts: Qonversely, £ compefence
with verbal problem appeareé first; one might build
initial experienc with addition and subtraction around
= fverbal problem In order to promote,the development of
‘children's s?;ayegiqs for solvipg addition and
- A = subtraction p:bblems it is necessary to determine the

/

// strategies.children use on abstract and verbal'.problems
and to build upon ch}ldrenfs naturally occurring or
'invented' strategies. v

The cross-sect10nal nature of the present study

provzdes data that compare performance in klndosgertbn )

and grade one. thtle is known about the shift from less
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to more abstract and efficient strategies across these
two grade levels. The study,ﬁwhrle not ;zngitudinal in
- design, compares the types of errors, the stratgies used, -
and attent%Pn to problem qt;ucéure exhibitgp in
kindergarten and grade one, and contributes\to the
. generation of\hypotheses about the development of
children"s addition and” subtraction problem solvipg °

! . 2

Procghses. . S
Thg\chaptb:s that f;ilow present a detailed ’//,//
2description of the study. Chapter II reviews the related
N research rhich sg;ved as the background for éhp study.
’ ' The specific que;tions addressed by the study and the
empirical procedures chosen to gather data pertinent to
those quesﬁioné are éiven’in‘Chapter III. Chapter IV
preséntslthe results of the study and the final chapter

includes interpreiation and-discussion of the results.
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Chapter II N
REVIEW OF RESEARCH !
"* . -The present study was designed to describe and
: P orpare kindergarten and flfst-grade children's solution
. <§rocesses for verbal and abstract additjon and A ‘

' subtraction problems, Existing 1iteratqre relateé to the

gtudy includes a considerable body of empirical research’
or addition and subtraction 'as well as theoretical .
analyses ai;ed at classiffing addition and subtractién
verbal problems. Since both_the present investigation
and.previous research incorporated a variety of addition
and subtraction problems, the initial sectxon of this
chapter reviews atteﬁ;;s to classify addition and
subtraction problem types. It also provides a
description of solutxon strategles for addition and
'subtractlon problems that previous researchers h;ve
1dentiff%d.
The second section of the review of related
- literature focuses on research on the difficulty of
addition and, subtraction problems and the solution
processes used by children with three levels of
instructional experience with addition and subtraction.
Since the Present study ueed kindergarten subjects who

. 4 had received no formal instruction on addition and

subtraction and first-grade subjects who haa received

BN - 33
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A
initial instruction on these operations, there are

naturﬁl distinctions_among related studies according to
the instructional background of the éubjects. These are:
a) studies using subjects'pridr to their initial
instruction on’addition and subtraction (preschoolers,
kindergartners—and some first-graders), b) studies with
fifst-graders who ﬁad received initial- instruction on
these opéiz;ions, and c) those studies that used older
children. Furthermore, since problemq in verbal and
'apstfgct contexts were used in the presént study, this
~ distinction serves gs an aﬁpropri.;te means for .
subdividing thé/;huiies within each of the preceding
three levels. l

: A majority of research on addition and subtraétioni ‘
has been conceﬁQS? with determination of difficulty
indices for various problem types and identification of
task and subject variables tpatflnﬁluence problem
difficulty. Althou;h the major purpose Qf the present
inves;igation was not the determinét}on of item
difficulties, studies that focused on certain aspects of
it ficulty are pertinent to the present
investigatiqp. These studies influenced the choice of
item types appropriate for use with s&bjects qithin each
age level and they offered data on ¢gne tybe of comparison

of performance on verbal and abstract problemg, i.e.,

- . \

34
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P

‘comparison of difficulty. ' , .

L A‘second focus of research on addition and
sugtraction has been on determining the solution
processés children use when so;ving addit%on and .
subtraction problems. When interpreting research on the
strategies children use to solve addition and subtraction
problems it is necessary to keep in mind thﬁt this
research has been derived from two very different
paradi@ms. One approach is inferential in that it fits
performance data to hypot£esized behaviors or solution
methods. The inferential paradigm includes the inference
of strategiés or solution methods from latency of .correct
reéponses or from anxanalysis~of‘gxxg;a. The other
approach is direct and attempts to ascertain the
stratégies used by children through direct observation
and questioning. Within each of the three 1eve1; of
subjects' instructional background, the review that
follows ;ill synthesize results from studies derived from
each of these paradigms.

The final section of the research rev1ew d1scusses
studies relatea to procedural aspects of the present
investigation. This section includes a review of studies
‘p;rtinent to the choices made concerning the selection of
‘ interview tasks and the conditions of administration of

AN
the tasks, e.g., the availability of manipulatives. It
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also presents background literature related to -the

in8ividual interview procedure. “ N
Clagsification of Addition and Subtractiopn Problems

Abstract addition and subtraction problems can be .

A

unambiguously classified into distinpt problem types

according to the form of the equation or open sentence.

‘Specification of the\operation and the position of the

placeholder completely determines the probleﬁ type for

abstract problem types (and their symmetric forms) appear

4 . . ~ .
in the studies reviewed: a+b=__, a+__=c, __+b=c, a-b=__,
) . -

a-__=c, and __-b=c. These problems can be class@fied

either by the placeholder position and operation symbol

in the problem or by the operation required for solution - «
of the problem. "Table 1 presents these two
classifications. Rather than using a surface structure

such as the operation symbol given in the problem,
- y

.Moser's (Note 2) criterion for classifying problems as

addition or subtraction problems was aQopted. It .
consists of determining the operation which, whem applied °
to the o numbers given in the problem, produces the

correct answer. According to this criterion only the

‘first and last (a+b=__ and __-b=c) of .the preceding six

abstract problems are addition problems; the other four

reguire subtraction. ' )
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Table 1
AClassifications of Abstract Problens

Operation Symbol
in the Problem

- + . -
) Third- | atb=__ a-bx__ 1
position | canonical | canonical
. addition subtraction
ﬁlaceholder. Second-~ a+__=C a;__sc
Position position .| second~ missing
: ‘ position | subtrahend
missing
) - addend
-
- Pirst- —tb=c __-bkc’
position first-. missing »
/ N position minuend
missing
addend
Operation Required for
Solution of the Problem *
\\\~ o Addition | Subtraction
a+b=__ a-b=__
canonical | canonical
addition subtraction
—_=b=c a+, m=c
missing second-position
minuend missing addend
5 a-__=C
. . missing subtrahend
- i -
/ /J ! - —_+b=c
| j first-position
/ - #issing addend
~ .

+/c1€ssification used i

n the present study

w
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ciassification of vétbgl addition and subtraction
problems is more complex. Van ﬁngen (1949, 1955), .
Reckzeh (1956), and Gibb (1956) discussed "additive" and
"subtractive" situations and distinguished “"take away,"”
"comparison,® and "joining (additiye)" as three types of
subtraction. Other authors,'e.g., Stef fe 11970), have
classified addition situations into those involving‘a
ttansf0tmatiqn of the given sets (action) and those
without a transformation (static).’

Recently, comprehensive attempts have been made to

. specify distinctions between various types of verbal

addition and subtraction problems. Five such atiemptg
can be identified: a) The semantic analysis of Greeno -
-and his colleagues (Greeno, 1980; Heller, Note 3; Riley &
'Qreeno, Nqte 4); b) Moser's (Note 2) characterization of
verbal problems in terms of entities, relationship or
action, and characteristics of the question; c)
Vergnaud's analysis of verbal problems which is based on
the Foncepts of measure, time ttansf0tma£ion, and static-
relationship (Vergnaud & Durand, 1976; Vetgh?ud, 1981); °
d) Kossov's classification of verbal problems into types
of direct and indirect problems; and e) the iinguistic
analysis of verbal ptqblems'dong by Nesher and her
colleagues (Neshgt, 1981 ; Nesher & ;attiel, 1977, 1978;
Neshet % Teubal, 1;75). :" )

38
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These five categorizationi of verbal problems
essentially agree on major classification variables but
‘( differ in the attention they pay to details and sub-

. categories‘related goﬁeach of these variabiﬁﬁj Greenq's
(1980) Change, Combine, and Compare séheﬁata are more
general semantic structures that are subsumed by Mofger's

’ _{Note-2) Joiniﬂé and‘Separating, Part-Part-whole, and
Comparisbn/Larger.and Cémparison/Smaller categories,
-Vergnaud's (1981) analysis of verbal problems is similar
to Moser's but it admits additional problem types by
including transformations and st3tic relationships (both
positive and negative) as separate categories of '
.entities. . Examples are "Bill wins 3 marbles. He plays

';anot?ef game ahd‘lgses 1l marble. Altogether how many
marbles did he win or lose?" and "I owe Mary 7 marbles
gﬁd she owes me 4 of them. Altogether how many are owed
éé whom?': Kossov's (lé75)”distiﬁction of problems by
the larger/smaller himepsion and by the type of

.- corresponding open sentence (caﬁonical or non-canonical)

| relates directly to Moser's. Nesher and Katriel (1978)‘
further distinguished between gction and static problems
accbrding to linguistic considerations such as sequential
order of the text strings in comparison to the temporal
order of the events described by those strings.- The

analyses developed.by these authors are similar enough so

ERIC | .99
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that |their related émpirical work can be interpreted
withfn the framework of a’p}ngle classificatioﬂ of
prob#ems. -

_[Change, Combine, Compare, and Equalizing are four’
glasges of.simple addition and subtraction problems that
Qésdit from the preceding c}§ssifications. Ch?nge/Join
and Change/Separate problemq'involve a change (increase
and dpcrease, respecﬁivelyfsin an initial quanti§¥‘46er
time.| For each of these, three types of problems result

depenQing on which quaﬂtity is unknown; for example,
Join,| Join/Change Unknown, and Join/Start Unknown are‘
three| distinct problem types. '}'

Combine and Compare problems involve static

relatpohships between a set and its two, disjoint subsets

and tween two distinct, diéioint sets, respectively.
Comb

ne problems requirekfinding the~:;?3ﬁ’ind

Combxne/Part Unknown probiems involve finding one of the

subsets. There are six types of Compare problems
depending on whether tWe referent set, compared set or
difference are unknown and whether the referent set is
larger or smaller’than }he'compared set.

In Equalize problems it ig'necessary to make one set
equal to another. Thus, these problems fnvolve
comparison of two disjoint sets as well as the types of

action found in Change problems. Three Equalize/Join and

-
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varying‘the unknown~quantity. These problems are ‘less
comnon than Change, Combine,_ and Compare problems.,

Examples ofjlhese and other verhal problems are given in

. Table 2. S . ' v ~

o

¢l {ficati £ Straf i‘»".'

A number of studies have discussed the,proceduré%

i}
-

children use to solve .verbal addition and subtraction

b 'prbblems (for example, see Carpenter & Moser, 1981; Gibb,

19§5; Hebbeler, l977)‘as well_as abstract problems (for

-example, see Bea‘tie(-l979; Groen & Polk, 1973; . L
. - T P
McLaughlin, 1935; Riess, 1943). These .and other aut rs

have used n:QQZOus terms to describe children 8 g

J SN

strategies--recalling a known addition or subtraction
fact, counting, -using derived facts, pattial counting,
guessing, ' and counting-on. The ambigwity in many of the

above terms dictates that a standard terminologyibe

-~

chopen to identrfy the strategies children nse‘co solve

s

addition and subtractipn problems.

Several researchers have described children 8
< -
strategies for solving addition and subtraction progéems

-

. o~
in, terms of an ordinal scale (Gibb, 1953; Moser, Note 5;
Hataﬂo, Note 6; Shchedrovitskii & Yakobson, l975). The

A

three levels concrete representation, counting, ' ")

and mehtpl strategies, described by Shchedrovitskii &v_
p

A

« 0 B . -

. . ot -

. . . . N
% . -

» N . N
»e - -
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. ' \_/ Table 2+
Selected yenbal Problem Types
Problem Type Examp{g x
- .Change R
Join Kim has 3 cards. His father gives -
him 6 more cards. How many cards
- does Kim have altogether?
Join/Change Kim has 3 cards. Hom many more
Unknown cards does he have to put with
them so he has 9 cards alyggether?
Separate ' Lee had 7 toys. "~ She gave 3 toys
to Fran. How many toys did Lee
have left? - : i
aé . ' ' . »
ine ,
7 - ‘
. . . Combine Leslie has 2 sugar donuts and 6 : )
3 . . plain donuts. How many donuts.
. does she have altogether?
o * Combine/Part Chris saw 6 animals. Pour were 7
Unknown tigers and the rest were elephants. '
How many elephante did she see?
— i , 3
o compare . JwJoe has 3 fish. Mike has 9 more fish
“than Joe. Bow may fish does Mike have?
(There are fiye other types of Compare proSlens.J

. Equalize There are 3 boys and 8 girls on
' the basketball team. How many more
. . boys have to be put on the team so.
| ,  there will be the same number of
| ' . boys and girls? . -

(Therg§nre,five other types of Equalize problems.) -
‘ L]
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SN a
Yakobson, Moser, and Hatano are useful E%r delineating

-

classes of strategies that represent qualitativelﬁ' coT
different approaches to solving problems. Concrete
representatipn strategies are the least abstract and rely
heavily on ehe use of physical objects. Countin§
strategies are somewhat more abstract in that thek,

involve the use of a sequence of counting worgg\rifher

than the objects themselves, and mental strategies are

the most abstract since they rely'entirelyhpn recalling

addition or subtraction facts or mental manipulation of

i

such number facts. Inappropriate strategies such as
guessing or making no attempt to solve the problem
comprise the fourth and lowest level of‘strategiesf

In orQer to give examples of specific straregies
that are typical of those'in the preceding levels it is

necessary to adopt standard terms te describe these.

" strategies. Carpenter and Moser (1981) present a "
. detailed analgpis of the strategies children use to solve

addition and subrraction prbblems.' Theirs is the most
comprehengive such attempt, and since it subsumes nearly
all strategies identified by oEﬁ@t researchers, their
terminology will bé used in the brief description of

¢

uy
¢

strategies which follows and in the more comprehensive

»
~

definitions of strategy categories used in the pPresent . -
study that appear in Chapter III.

L)
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.action in the problem,. and then counts or subitiZes the

Sepatate Trom strategy involves gonstruct1on of one-set

- o (301 -~

), * : v LY

Counting All, Separate From, Adding On, and Matching
are some~examples of strategies that concretely represent

?

the problem. In each of these the child uses physical’

v / .
objects such as manipulatives or,fingers to construct

sets which mooel the data and/or the relationship or

resulting set to determine the enswer. The Counting All
strategy mvolves modellng thet; sets or numbers given
in the problem and count:ng the union set to find the
answer. When solving subtractiop problems children can

use concretevrepresentation in several ways. The

k]

i

.of objects fromswhlcb anothen set is removed, followed by

count1ng of the-!emain1ng set of objects. "The Adding On
strategy is useﬁ\qhen thej‘illd bOnstructs a set of
objécts representing the subt/nh@nd, increménts that set
of objects until 1ts gumefosity equals that of the '

minuend andlthen finds the answer by determining how many

objects wereé added'on.hsnatghing is anothgr strategy

]

children use to solve sobtraction problems'(Carpenter‘and\

* Moser, 1981)‘ .This s rategy is based on the attempt to .

»

Y

. - construct a one-to- correspondence between two

collections of objects representing .the numbers or sets
given in tho problem. ,!:: two sets are natched one-to-
e

one and the number of

ining iznmatcbed ‘ob jects
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determines the child's’ answer. k .

Children also use Trial end Error—te-Botve addition
-and subtrgctiqn problems. Th}s‘concrete représentation .
" strategy was not observed by Carpenter and Moser (1981) |
* but has beenidoéuménteé in several other studies !
(Lindvall & Ibarra, Note 7; Rosenthal, 1§7§; Rosenthal " &
’ Reshick, 1974). This siraiegyxmost often occurs when the‘t
~initial set is unknown, e.g., with __+b=c or __-b=c, or
with a ve:bal problem such as "Billie had some toys. She
gave 3 to Josie. Now she has % left.— How many toys did
Billie have to begin with?". Trial and Errorsis
evidenced when the cﬁild models one of the sets 'in the
- problem with an agbitraty set of objects, performs ghe
' manipulations dictated by the remaining information in .
the problem, and\theﬂ checks to see if the required final
state exists. - If not, the initial arbitrary amount is
incremented or Qecrenented as appropriaée, and the : \
process is repeated until a satisfactory final state is
achieved. The most regpnt initial amount then represents
the ‘answer. ., - -

Children who do not physically model each of the
numbers or sets in a ptoblém often usé forward or

backward‘countiﬁg sequences to determine the solution.

When usihg these, children begin the counting sequence at

a number other than one, 1nd1¢&t£ng a more abétract




anaiog'of the physical'incrementing or decrementing of an
1nit1a1 set of obfacts/ A child can begin the counting
sequence w1th either the first addend given in the
problem or with the larger of the two addends. In either
case the forward counting sequence begxn;,with one of the
addends and continues for a number of counts equal to the
other addend, ending at tne sum of the two addends.

Counting On From the Larger Addend represents a more
efficient counting strategy since the minimum number of

countg.are needed to find the answer.
Counting strategies fotﬂiﬁbtractlon problems can
involve either forward or backward counting sequences.
-~

Two of the ways a child can sdlve a subtraction problem
are by beginning the counting sequence from the ‘minuend

1"‘"

and counting backwards a number of counts equal to the
subtrahend (Counting Down From) or by beginning the
"‘ counting sequence from the subtrahend and counting
‘ ‘ forward until the minuend is reached (Counting Up Prom
Given). 1In either case theichild determines the answer
by keeping track of the number of counting words uttered.
The most abstract strategies children demonstrate
are those involving mental manipulations of numbere
Children often remember basic

: \¥
' rather than physical manipulations of objects or the use
of counting sequences. ‘
addition or subtraction facts and either use these

46
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directly to solve the problem, of indirectly use a knéwn

.fact to derive another needed. fact. For example, when

using such-'a strategy a child might generage the solution

‘.to a problem which requires ghe sum 5+6 by reason%ng'

'5+5-16 80 5+6 must be one more, or 11.*
Performance Prior o Pormal Instruction

Preschool Chiidren's Performanse _

The performance of preschoolers on addition and
subtraction tasks provides a description of the |
capabilities of children at én age prior to that of: the
subjects used in the present s;u@y. This background is
useful for viewing the development of quantitative

skills, the ability to solve various types of addition

and subtraction p

and tpe evolution of children's
strategies for“solving these problems.

Pre-pumerical® taskg. One category of research at ;
the Kreschool level involQes 'pre-numericai' addition and
sybtraction. This research views children's early
notibns of aadition'énd subtraction as "non-quantitative®
in that children focus on "more®™ or "less"™ rather than
"how many." Pre-numerical or non-quantitative addition
andrsubfragtion tasks involve deterﬁination of whether or
not two sets are eéuivalent, and'if they are not, which

set has "more."™ These tasks‘differ from addition and

subtraction broblems that require quantification, t.e.,
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-

tasks in which one must determine how many objects are in
the resulting set After addition or subtraction has been
performed. Pre;numerical addition and subtraction tasks
embody a unary conception of the operations of addition
and subtraction (Weaver, 1981) in that they focus on the
transformations which alter numerosity or the "physical.

manipulations creating—inequélities' (Brush, 1978, p.

44). 1In Brush's_stud{ tasks were presented concretely -

[

using sets of objectéfand did not require the subject to
specify the numerosit;\of sets, but rather whether or not
two sets were of equal numerosity after one o6r both were
transformed by appending or removing objecté. Brush's
study indicated that most preschool children understepd/
that "adding to" and "taking away® alter the numerosity
of a set of oﬁjects. ’ |

Gelman and Gallistel (1978) a;so presented evidence'
that preschoolgrs treat gddition and subtraction: (in the

sense of 5adding on" or 'taki?g away") as number-relevant

' transformations. Starkey and Gelman (1981) described

pfeschoolers' understandi;g of pre-numerical additioh and
subtractionnas including four principles. Tgo of these
are recognition that appending objects to‘or removing
objects from a set increase or decrease numerosity,
respectively. The other two principles related to

addition and subtraction implicitly understood by

48
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Preschoolers are inversion and compensation. These
involve tﬁ; use of appending objects to reverselghe .
effect of removing objécts (and vice versa) and
reinstatement of é/numerical relationship between two
sets following a transformation of one of them bf
performing the identical transformation on the other.
Numgzigal_;ggks Ginsburg and Russell (Note 1, Note
8), Hebbeler (1977), McLaughlin (1935), and Starkey and
Gelman (198l) investigated preschoolers’ performance on
numerica& addition tasks (those requiring precise
quantification). McLaughlin found that few 3-year-olds
could determine the total number of elements when two
sets were combined but thag many 4-year-olds were able to
use counting to determine the total number of elements.
The studies byl Ginsburg and Russsell, Hebbeler, and
Starkey and Gelman ind1cated that when the exper1menter
used obJects to model each set described’ in.the prdbiem,
preschoolers could correctly golve half to two-thirds of
the problems, b t few children could solve addition
problemé when obje¢ts were not used or were screened
.after their initial presentation. The preceding studies
identified guessing and counting (after problems had been
concretely represented) as preschoolers domiq?nt

strategies, although number facts were recalled

occasionally.

49 L
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Groen and Resnick's (1977) study demonstrated that
prescpool'childfen could be tayght to solve abstract

addition problems with sums less than‘ten. Following

-extensive instruction and practice in using the Counting

All strategy the criterion of perfect ?erformance was
reached. Latency analysis of gubsequent responses
suggested that several of the subjectsfspontaneously
"invented" a counting-on strategy that was more efficient
than the strategy they had been taught;

Sumpary. Previous research on addition and
subtraction with preschool subjects indicstes that young
children understand operations on sets of ObJeCtB which
decrease numerosity and that if numerlcal addition and
subtraction problems are prgsented concretely, i.e., the
experimenter forms sets of objects repreéénting on; or
both of the numbers in the problem, at least some
preschool children can solve them. Little-success has
been reported on verbal- problems pr!ﬁented in the absence
of objects or on abstract problems (McLaughlin, 1935). .
Tﬁe straéegies used by preschoolers are often
inappropriate ones, although some children display an
ability\td use and even i:vent.counting straﬁegies,

of objects. One can conclude

’

especially in the presen
that preschoolers have- a knowledge base which in some

cases is adequate for addition and subtraction strategies

~
o0

oI e
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to develop prior to kiﬁdetgarten entrance.
Kindergartners' Performance
Abstract problemg. Although a number of studies ’
have invesg{gated kindergartqers' performance on certain //

addition and qpbtraction tasks, few have systematically
‘documented their ability’'to solve .abstract problems.

Only one study (McLaughlin,-1935) reported the difficulty
of addition Jroblems for kindergartners. The 5-6 year-
olds in her study correctly solved 38% of tﬁe abstract.
canonical ($+b-__)‘addition problems with sums less than
10. Ilg and Ames (1951) reported the only data on
strategies used by kindergartners on abstract addition
and subtraction problems. They noted that addition
strategi?g progress during this age range from Counting
All, to Couﬁting On From' the First Addend, te Counting On
From the Larger Addend. Separating From and Counting
G?wn From were the principal subtraction strategies,
although Ilg and Ames reported some use of Derived Pact
strategies involving addition facts (primarily doubles).
Both of the preceding studies indicated that gome
kindergartners w:;; able to solve addition and :

) sﬁbttaction problems presented in the abstract context.

Ilg and Ames' data ind‘cated that counting strategies
occurred both with and without objects present and that

strategies siﬁi}ar to those ob%erved in the studies with
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- ‘ ’ fi;st-graderé Qisgussed subsequently also A€Te present -
L} - among kinderéartﬁete. o «
Verbal problems. Results from Grunau (1978), Ibarra
v and Lindvall (Note 9), Riley (Bote 10), Schwartz (1969),
and Shores and Underhil} (1976) indicate that many
kindergartners are capable of solvifg a@ditidn and
subtraction problems, but that certain item types are
~consgiderdbly more difficult than othe;s. Acrﬁss'the
preceding studies Combine, Join, and Separate problems
were less difficult than Combine/Part Unknown,
Join/Change Unknown, and Compare problems. For example, }
p-values for|19in, Separate, and Combine problems were
often in the‘.45 to .80 ;ange,(yhereas Join/Change
Unknown, Comparg, and Combine/Part Unknown problems often
had difficulty indices in the .10 to .35 range. Another
conclusion from the preceding studies }s that problems
without pictorial or manipulative aids geﬂerally had p-
values .lolto .25 lower than tWose presented with aids.
Three g?uéies (Ginsburg & Russell, Note 1; Hatano,
Note 6; Hebbeler, 1977) used verbal addition and
subtraction problems with kindergartners'and, to some
extent, éave attention to aspects of children's solution
strategies. Hebpeler reported that kindergartners used
appropriate strategies forl;pe 'overwhelmind majority® of

the addition problems presented and that counting and use

Q ' 52
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of number fach atﬁiﬁntéd for approximately 70% and 10%
of their strategies, resp;ctively. *Ginsburg and' '
Russell's kindergarten subjects used appropriate
strategieg on over 70% of the'Join items, with bounting
All accounting for 55% of thé strategies when no objecfs
were present ,and other appropriate stateéies such as use
'of number facts or Counting On From the Larger Addend

; *aécounting for another 17%. Hatano found that Japanese
kindergarten children seldom exhibited a?y observable
sign of counting but employed a type of Derived fact
strategy based on the use of 5 as an intermediate unit.
This strategy involved mental ‘regrouping in which numbers
greater than five were regrouped as 5+x, where :fS. For
example, 7+7 is 14 because there are two 5's and two 2's
after regrouping. 1In each of these three studies at
least some of the strategies used by older subjects were
found in the kindergartner's repertoire as well.

" One study. focused on the procedures kindergartners
use to represent or mode} verbal addition and subtraction
problems. Lindvall and Ibarra (Note 7) identified
difficulties young children have in modeling the numbers
and'relationships or acéioqs in verbal addition and (
subtraction problems. They observed a trial-and-error

approach to modeling problemg involving a miésing addend,

missing minuend, or missing subtrahend, as well as an .
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« approach in yhich no attempé was made to model the

“unknown directly. Lindvall and Ibarra contended that

kindergartners' main source of difficulty in modeling
verbal problems was ;he ideptification of the sgt ' }
representing the~aq§wer to the lem. They found that
difficulties in "tagging" the sets‘used to model . the -
problem led“to errors such as responding with one of the .«
numbers given in the prgblem. The frobleﬁb on which
Lindvall and Iparra identified difficulties in model ing
were some of the same problems that were the most’
difficult in other studies. ‘ .

Abstract and_verbal problems. Only two studies have
generated information pertinent to comparison of verbal

and abstract problem performance at the kindergarten

level. Each of these studies is severely limited. Woody

(1931) reported 15-40% success rates for canonical
abstract items with sums less than 10 and less than 15% |

on i;ems with larger addends. He also reported

A [

édminiétration of qimplé verbal p}oblems, but no usable

data are'given for these items (Brownell, 1941).°

Consequently, no comparison, even of success rates is

possible; Williams (1965) presented verbal problems with
sums less than six to entering kindergartners. One item,

2+41=__, was presented in both verbal and abstract -

cbntexts, and performance was nearly identical (42% vs,
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41%.c6rrect). Correct regponses occu;red on only 8% and

W
B

.’ i9% of the verbal problems modeled by 3+_=5 and 5-3=__,

and the abstract _item __+2=4 was answered correctly only

PR R
M

v
.. l;l% of. the time. Neither of,;t\hese studies compared/‘ .
’ strategies used on verbal and abstract prohle?s. *
. ) Supmary. »SeGe general conclusions can be drawn
from the precedlng studies. !pr kindergartners can ’
understand and solve some simple verbal and abstract -
,add1£aon and subtraction prohlems prior to formal .
. - ‘instrhction on these topics. When problems are based on
thef%anonlcal gentences such as a+b- .and a-b=__,.

k1ndergartners can deal successfully with verbal and

I

(;,' 1 abstract‘ltems with sums less than ten roughly 25-50% of y ot
ESHE$ N ’rbthe time. Mo information 18 available as to the telatlve\
. oo . 3

frequency with which chlldren of thlS age can solve (or

apply appropriate strategies to) problemsg%%?qither the

) N verbal or the abstract context but are not able to do so
- @ : ¢ . .
" in the other context. g' P

- .-
P 4

The rate of success is higher when Q'Qects are used . ’
and 1t is very high when the concretely presepted verbal
icontent"tessenttzlly enumeration) is used. Little —~ -
. ‘ attention was paid in previous researcheto systematic
| “ TN ~an®1ysis of mo"ling proceghxes and strategies children
te

L4 use or td the effect of problem structure on choice of. -

straﬁggy.- A majority of kindergartnere appear " to use

't'- . LY

- 3 . e ‘
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appropriate strategies on verbal problems, but little is
known about their strategies for abstract items. No
systematic comparison of kinder%artners' strategies and

errors on verbal and abstract problems has been done.

'Enterxng E11s;:graders__rerinrmanse

Several studies which focused on'first-grade

- Pl - -

‘subjects’ ability:to solve addition and subtraction

problems have used ‘entering first-graders, for whom it
can be assumed that no formal instruction on addition and
subtraction had taken place. The results of these‘
studies can be compared,more appropriately to those of
the kindergarten studies reviewed previouslp than to

studies dsing first-graders who had received initial®

]

instruction on addition and subtraction.

The results of several studies discussed
\ v
suqsequently and those from Carpenter and Moser's (1981)
ot

"interviews with &ntering first—graders yield item

dlffioulties comparable to those from studies which used
k{ndergarten subgects.' Buckingham and MacLatchy (1930)
~

administsred ten Join problems with sums less tbgn 10 to

-entering girst-graders. Twenty to 70% success was

achlevea with addends of 1 or 2. Hendrickson (1979)
reported approximately 25% success on Join and Separate

problems when the subjects were direcf@d to model the

first number in the problem prior to having the remainfng'
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portion of the problem read to then. érant}s (1938)
tasks were similar to those of Buekinghan and MacLatchy
and also inaluded Separate problems."His subjects'
success rates ranged from 20-50%. Brownell (1941)

ad‘lnlstered a limited set of abstract ~and verbal '

-

addition and subtraction problems with sums and minuends
less than 6 to entering first-graders. D1ff1cu1ty
.indices ranged from .29 to .54 on abstract problems and
.37 tdi.sz for the two verbal problems.
‘Carpenter and Moser (1981) longitudinally documented

problem difficulty and strategy use across grade one on
;two verbal addition (Join and Combine) and four wverbal
subtraction problems (Separate, Compare, Join/Change
Unknown and Combine/Part Unknown), each of whieh'was ,
unique in terms of problem structure. Entering first-

graders correctly solved one-nalf to three-fourths of«//

both addition problems when sumeiwere less than 10 or
‘when manipulatives were availaple for problems with sums
11 throughiis. Performence dropped to approximately ene-
third correct when no nanibulatives were available for .
problems with sums 11 througg'hs. . These-subjects
correctly solved only one-third to one-half of the
Separate, Compare, Combine}Part Unknown and Join/Chenge

Unknown problems when minuends were less thah 10 or when ’

+

manipulatives were.available for problems with minuends
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a

. o . ®
. from 11 through 15. 1In only one instance, for Separate

problemsawith ninuends less than 10 with manipulatives
avaiiable, was perforﬁance appreoiably abone the 50%
level (64% correct). When no manipulatives vere.
gégilable for problems with.minuends 11 through 15,’the
entering first-graders correctly solved only 14-25% of
‘the subtraction problems. ‘

4’ The Carpenter and Moser study is unique in that it
prov1des the only extant comprehensive data on the
solution strategies used by first-gradets on addition and
subtraction verbal problems. Carpenter ;nd Hoser g8 model
of children's solution brocesses for verbal addition and
subtraction problems c0nt3nds that problem structure is
‘the prinoipal determinant.of youngichildren's choices ;f
strategies for solving yerbal problems; variations in

' problem structure ean be shown to acgount for the
observed variations in children 8 choices of strategies
across various item types.: In the Carpenter and Moser
study f£J#® two addition problens, embodying action and

N . static aituationé; elicited similar strategies. They

‘ reported that the overall pattern of responses for both

problems was alnost identical Both in_terms of number ‘

« ' correct and strategy.
K Problem strycture was strongly related to strategy

L]

ohoice on the four subtraction problems, with the

98
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strategy most frequently used being that which most
difectly modeled the action or relatiénship described in
the‘problem. The subtractive strategles (Separate From
or Counting Dqwn f;om) and additive strate91e8 (Addlng On

or Counting Up From Given) ‘were used nearly unlversally

‘on the Separaté and Join/Change Unknown problems,

respective;i. Matching was found to be the most
frequently used strategy on the Compare ?roblem when
objects were available, and both additive ang subtractibe
strategies occurred on the Combine/Part Unknown problem,
with the suttractive stratégieg)being the predominant
ones. Although the Cémbine problep was sc@ewhat
ambiguous, there were clear di{ferences in solution
strategies for these four ptoblems with differing
structure, ‘

Carpenter and Moser concluded that children's"

-

difficulties in figuring out how to model the ~ .

) relationships in static probleés may have accounted for

their being less consistent in their choice of strategy
on the Compare and Combine/Part Unknown problems

Carpenter and Moser's data indicate that young children

have independent conceptions of subtraction and that they -

are not aware of the interéhangeability of their

gtrategies. Children's initial approaches to solving

verbal subtraction problems are tied very strongly to the

. 9J ‘ \\//




actions or relationships in the problems.
sSupmary

Several conclusions can be drawn from studi%s-that

examined preschoolers', kindergartners' and entering
first-graders' performance on addition and subtraction e
problems. It a;pears that in spite of a lack of
instruction on the operations of additlon and _
subtraction, some youq? children spontaneously “invent"
and use appropriate strategies to solve addition and

- -——————sub;;qction/prob}ems: _These:pgrategies then_cLosely

mirror the structure of the problems and often involve
concrete representation of the pr;plem rather than
counting or recalling numpgr facts, a}though strategies
in the latter two categories are  employed by some '
N\ chil?ren prigf.to any forma{ instructioP on addition and
"~ subtraction. .Children are more successful when
manipulative objects are preseﬁt( yet some children have-
" difficulty constructing g?physical model which reptésents
the action, relat1onsh1p or operation in‘the probleﬁ.
The existence of low success rates on some problem types
suggests_that problems for kindergartners must be chosen
carefully to ensure that ugeful in%ormation Tesults from "
. thetr administration.

. 8

Mid-year or epd-of-year f{rst-graders typically have

/
60)
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experienced initial instruction on the operations of

addition and subtraction. Thus, their responses to

addition and subtraction problems can be expected to be

- different from those of younger subjects who have not had

--guch instruction.

Abstract Problems .
L 9

Beattie and Deichmann (1972), Groen and Poll (1973),

Houlihah and Ginsburg (1981), Lindvall and Ibarra (1980),

and Weaver (1971) p}ovide data on the difficulty of

*

varlous abstract addition and subtraction problems
. "‘e b ” o
dﬂmlnistered te mid- and end-of-year flrst-graders.

Different problems and conditions of administration,

e.g., the inclusion of probiems with no solution in the
Ll ’ )

Weaver.study, may account for some differencesgpetween

these studies. Nevertheless, across these stuflies,

.differedces in difficulty among the six simple open

addltlon and subtraction sentence types.(a+b- ’ a-b-
a+__-c, a-__=c, __+b=c, and __-b=c) were comparable.

These studies ineicate that the simplest open sentences

"are the canonical addition (a+b=__) and canonical

subtraction (a-b=_). These consistently were solved

correctly more than 60% of the time with addition being

.the easier of the twe. The two missing addend sentences

(a+__=c and __+b=c) and the missing gubtrahend sentence

(é-__-c)'were next in level of difficulty with p-values

L) -~
N,
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ranging from .46 to .87. Weaver and Lindvall and Ibarra
both found that the second-position missing“addend
problem (a+__=c) to be slightly easier than the first-

position missing addend problem (__+b=c). The missing

minuend problem (__-b=c) was decidedly more difficult

than the other open sentences, with difficulty indices
being approximately .25 or(less in all but Beattie and
Deichmann's study (which drew data from workbooks whereon
children preshmably received help).

Houlihan & Ginsbuég reported that first-graders were
succeésful on only 27% of the addition items invé{ving*
one single-digit and one two-digit addend in spite of the

fact that over 60% of them used an appropriate strateéy.

" when both addends were two-digit numbers, less than 5% of

the subjects were correct and approximately one-third

used an appropriate strategy. This suggested that

>prob1ems with twgrd1git“3dﬂends were potentially too

‘.-~ -
-,

"difficult for most first-graders and certainly too

difficult for kindergartners. i ~—

Of the studies which have investigated the
st:ategies first-graders use when solving abstract
additigp and subtraction problems, some have used direct
observa%ion and others have used inferential techniqueé.
Brownell (1941), Peck’and Jencks (1976) and Houlihan and

Ginsburg (1981) directly observed children's solutions -of

)
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addition, addition and~subtractibn, and missing addend
problems, regpectivéiy. Houlihan end_éinsburg reported
that over three-fourths of the first-graders in their
sample used an appropriate strategy on two abstract
siﬁgle-digit addition problems.t_ggm;hese strategies;
counting was the predominant strategqgy, with approximatély
equal numbers of subjects using Counting All and the
counting-on strategies, i.e., Counting On From the Larger
Addend épé édunting On From the First (Smaller) Addend.
Brownell individually administered abstract addition and
subtr&ction problems with sums and minuends less éhan 10
to first-graders at mid-year and again at the end of the
school year. Recalling a nuﬁber fact and guessing were
the most frequ;ntly used strategies, although Perived
Fact and counting strategies were also exhibited. Peck

and Jencks gave no detailed report of strategies
L]

—— - S —— pu—

.children who couid,cprrectly solve miEsing addend

!

éroblems used an overt counting strategy. Sevgral
children used mental counting and about 15% recalled a
nupbe; fact. §1£hough counting was. the predominant
successful strategy, only 60% of their fotal sampie
employed such a strategy. Peck and Jencks' study

demonstrated that first-grade children whgo had

experienced initial instruction on addition and
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subtraction could successfully solve misging addend
number sentences, primarily by counting.

Studies using response latencies to infer children's
strategies on abstract addition problems (Suppes & Groen, -
%267;7G;oéﬁ, 1968) fognd that reaction times we;g_g - /-
function of the smaller of the two adends, suggesting
that the best-fitting model of children's early
strategies for addition probleme is Counting On From ,the
Larger Addend. Groen anq Poll (1973) fou;d that the[;nly

counting model .that fit observed latencies for missing

. addend problems was one in whicaﬁthe number of counts was

determined by the relative efficiencies of counting up
from the addend to the sum and counting down from the sum
a number of counts edual to the addend, e.q.,s for 3+__9§,
counting up five units from 3 is less efficient than

)

counting down three units from 8. However, this model

7wfi£“63;erved latencies only.fbrwfhe s;éond-position

missing ,addend problems (a+__=c). Groen and Poll's study

did not ‘present conclusive evidence that first-graders

- base their choice of solution strategy on consigderations

of efficiency. However, response latency studies with
young children do suggest that at the time when children
have had little formal instruction on the addition and

subtraction 'operations, their performancé can be modeled

. by strategies that involve counting. ' »

L]
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Error analysis was used as a means of inferring

solution strategies in several investigations with first-
graders. Beattie and Deichmann (1972) globally -

classified errors in first-graders' workbooks as basic

'mgggg_ggggrs,,ipcorrectgoperation'errors, and

"+ unclassifiable ones. Only 7% of first-graders' errors on

’ .
canonical addition preblems entailed use of the wrong

operation, and the corresponding rate of such errors for

canonical subtraction problems was '24%. The data on,

~

* basic fact errors can be combine Eii? frequencies of

correct solutions to infer the frequency of use of an
appropriate strafegy. Suéh a procedure yields a hiéh
"incidence of appropriate Btrategies, perhaps inflated by
the help.which students may have received when doing
workbook pages. Weaver's (Note 11) data on incorrect
responses similarly can generate estimates of thehuse of
appropriate strategies; his daté for canonical addition
items quite cldsely parallel Houlihan and Ginsburg's
(198if interview data for similar items. Although many
er;ois appear to be éystematic when computational
algorithms are involved (Ginsburg, 1977b), systematic
errors may,be more difficult to identify solely from
responses when less complex tasks such as simple addition
and subfraction are invovled. Inferential error analysis

can be inaccurate in classifying counting errors and
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contributes little to identification of the solutiion

strategies children use.

Yerbal Problems ‘
Many studies have found rhat first-graders perform‘

well on verbal addition problems after receiv;ng"

instructfon on addition and subtraction. Depending on
the size of the numbers used in the problems and the
availability of manipulatives, difficulty pdices for
first-graders have.geqerally been greater than .50 and
often as hiéh as .80 or .90 on verbal addition problems

(Brownell, 1?41; Carpenﬁer & Moser, 1981; Hebbeler,

'1977). Verbal subtraction problems have been

consistently more difficult\then addition problems, with
difficulty indices often below .50, athough LeBlanc's

(Note 12) first-graders were successful on approximately’

- 65% of Combine/Part Unknown_problems.

Most stqﬁies that compared the difficulty of action
ané static addition problems at‘the\fitst-grade level
found\that/performance was not, markedly different on
these two types 2§ items (Carpenter & Moser, 1981;
Carpenter, Biebert & Moser, 1981, Shores & Underhill,
1976; Steffe & Johnson, 1971). Steffe (1970) reported p-
values of .85 and .77 for Join and Combine probiems with
first-gradeis. These findings differ somewhat from those

of studies comparing the difficulty of action and static

- 66 .
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addition problems at the kindergarten level. Three
kindergarten studies {Grunau,-1978; Ibarra & Lindvall,
Note 9; Shores & Underhill, 1976) reported slightlyu
better performance on the static Combine proBlem than on
the Join problem. ' One might conclude that prior to
instruction, Combine problems are as easy or perhaps even
easier than Join problems, but that after 1nstruction,
these problems are essent1ally of equal d1ff1culty.
Differences in d;fgisg}ty between verbal subtraction
problems have apbeared in many studies. One trend in a
number of studies at the kindergarten level and witﬁ
older subjects was a distinction between the action
subtraction problems, with the Separate problem berpg/’\\g
less difficult than rhe Join/Change Unknoyﬂ\problem
(Ibarra & Lindvall, Note 9; Resenthal & Refnick, 1974;
Schell & Burns, 1962).' Two first-grade studies,
(Carpenter & Moser, 1981; Steffe & Johnson, 1971),
hpwever, reported that the Join(Change Unknown problem
was. less difficult than the Separate problem. Another
difficglfy trend among verbal subt raction problems
involves actiop probiems being less difficult than static
(Combine/Part Unknewn"or Compare) prbblems. This trend
appeared consistently (Carpenter, Blume, Hiebert, Martin
& Pimm, Note 13) ,, and difficulty indices between .lb ane

.50 for the static problems suggested that in the present

]
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sEde, less useful strategy data might be obtained‘froﬁ
the kindergarten subjecté and even the first-gradersxufl
static rather than action subtraction problems were used.

The strategies u;;h b¢ mid- end‘egd-of—xear first-.
graders on verbal addition and subtraction problems are
varied and involve more sophisticated procedures than
those u;ed by kindergartners and enter{ng first-graders.
Hebbeler (1977) reported that~counting‘stxategies andauée
of number facts accodhted for approximately 50% and 40%,
respectively, of her first-grade subjects' ;adition
stFategiesz She noted that the incidence of counting .
straéegieq was lower than that for kindergartners, that
the presence or absence of danipulatives had litile -
effect on children's addition strategies and that, .in B
~contrast to the pfeschool and kindergarten levels,
ghessing was practically non4qxistent among first-graders
on simple addition problems.

The strategies r;borted by Carpenter et aﬂ[ (1981)’
were consistent with-Carpenter and.Moser's (1981) data
concerning tBe'influenc; of problem structur® on the ’;25
solution strategies used by mid-year first-graders. \
Carpenter & Moser's mid- and end-of-year interview data
were 84m11§r~to their data on entering first-graders,

although by mid- to end-&!Lyear there was increased use
. - . ]

‘of counting and mental (Number Fact and Derived Fact)
65 . . -
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. strategie®, , 5 ‘
L a ‘arpenter (Note 14) compared f}rst*graders'

strategies for solwino addition and subtractionpproblema
‘prior to and after 1nitia1 instrudtion on addition -and
subtractron. After instruction had taken place, f1rst-
gradexs generally used‘subtractive strategres (e.g.,'

<

‘Separating From or Coanting Down From) for ‘all four types

1

of suhtraction problems. This contrasted with their. use
. of strategies which quiteiclosely'mirrored problem
- <

structure ég}or ta inatruction. Thié shift after

.94 - 1nstnuctlon to strategzes which. presumably-reflect a

,un1f1ed ancept1on of subtrac/aon ‘was not ev1dent in

.. Carpenter and Moser (1981) : . |
Three studies (Browneill, f341; Lindvall & Ibarra,
1980; éteffe, Spikes & Hirsteéin, Note 15) adminfstered'

. both verbal and abstract addition and subtraction g

~

problems to first-gradera. Steffe et al reported

\similar performance on abstract 'mental arithmetjc”
,/’<f problems (¢8l for addition and .54 for subtractian) and
verbal problems (.78 for Join, .71 for Separate, and 45"
for Join/Cbange'Unknown)' Brownell's mzd-year first~
graders performed better .on verbifﬁaaaitron ‘and
subtraction problems than on absttaet~prob1em!;( 85 vs.

.74)( but these réiﬁits were reversed (.84 vs. .92,

rd
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respeCtivély) fof end-of-year first-graders.
— Lindvalliand Ibarra (1980) cgﬂyarea ipcorrect .

procedures used by first-graders (and entering. second- - .
N 3 ’ . ‘1.,‘“
graders? on _the four non-canonical addition and =~ \ .
subtract;on open sentences and correspond;ng verbal \\
I "

problems (the structure of’ these vag“hot clearly - -
specified). The;r‘qategories of,incorrect procedures
incluéed: use of the Qrong oper;tion, responding Qith a
number given in the problem, "computational ,error"®
(pfesumabgy misc;untiné or incorrectly recalling a number . .
fact); no attempt to ?olvé the problem, and
unclaégifiablé errors, 10\ 1ﬂteresting result of this
\ study Qa;*ghé giffereni#(z:étror tjpeq océuréing on
‘abgtract and véfbal problenms. Althéugh the total number -
of errdrs across the four item types was identical for .
ve:bal and abstract problems, use of the wrong operation ,/
occurred on 11% of the verbal problems and on 17% of the .
_abstract problems. No attempt was made on’ 8%, of the )
abstract. problems and on only 1% of the verbal problems.
‘However, children gave one of ‘the-given numbers as their
answerﬁmore frequently on verbal pro_blems’ i13.5%i than on
abatract problehs (o 5%).

These differences in’ incorrectﬁpxbcedures suggest

éhat childfen were moée willing to attempt (or believed

_tha£ they had gome ynderstanding’of) verbal than abstract

’
A
- ‘ . -
A . n - v
i - L4
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. . . »

. . ‘E7() ",' "L/




-

(571

-

p}oblems; and that they less freqguently misinte;preted
verbal than abstract problems based on non-canoﬁical open
sentences. Lindvall and Ibarra's research indicates thas
further and ;qrecdetailed,reséhECh is necessary to )
describe- the incorreet éolution processes used by
kinderggitners and first-graders on verbal %nd abstract
canonicai addition and sqbfrﬁction problems. Since
. children have been shown td*exhibit different errors on
///ézrtain verbal and abstract item types, it is reasqnabie
- .also to éxpect differences in their correct \solutioh
procedures. ‘ ‘
- Summary
fh; preceding review df studies using first-gradérs
indicateé'tggt nearly half of entering fir3t-grade
phildren oft;n éo;rectly solve some verb&l‘and abstract
addition and subtraction problens, azs tha; a numbef of
additional children use appropriat; strategies on these
problems. Evidence from.giréct observation and)responée

,

latency data indicatg that/counting,strategies are used
often, although perhaps not as universally as is infer;ed'

" from response latency data. Children at the first-grade -
level seem to employ a variety of strategieé. with
choices among. them being bai on the structure of thp
problem or on the efficiency of a‘qiven strategy relative

to that of other appropriate strategies. It is not clear.

L4
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whether strategy use becomes more unitary after .

instruction takes place or whether children continue to )

-

. L4
use many rather than a single strategy for different

-

-

types of pro’blems.
Ce;tgin item types are difficult for first-graders,
in pérticular, those based on the open sentence __-b=c.

. Many fifﬁt-graders can solve missing addend_probléms in
abstract form. For the verbal problems findings have
been mixed concerning the relative difficulty of Separate
and Joein/Change Unknown problems. The corMsistent finding

- that subtraction probléms\involving action are less
difficult than static ones suggested that igtion problems
be used in this study; sincé static préblems might pe'
sufficiently difficult to generate a considerable aéaunt
of non-useful strategy data (guessing or making no
attempt to solve the problem). ’

fAction and static addition problems havé elicited
similar performance from firsbi;raders, although some ‘
first-grade (and kindergarten) eGidepce‘in@icates that
Combine problems initiaAlly”"migl;t be less difficult.

" similarly, somé evidenéé exists (Browriell, 1941) that’
Versal problems initially yight be less difficult than
corresponding;abstract problemsz but that this difference

might disappear after instruction onk:édition and

subtraction takes place. Different erbor patterns have
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: begn observed on some verbal and abstra;t problem types; .
. this evidence (Lindvall & Ibarra, 1980) suggests that
V ) ; chiiaren more frequently pay apply the wrong 6§eratioﬁ on
- , abstraéé éhan vefba{ problems. ‘No study has compared
‘ \fi;st-graders{'ggngg; solution procedures.fog abgtract
and verbal addition and subtraction prgylemp,,and no
T" : study has examined the modéling procedureg used by first-
" graders. ~ C ‘ / .
. o « . Qlder children's Performance
' A great deal of research oﬁ addition and subtraction
has used sugjects b%yona thﬁ‘first-brade level. This

research is pertinent to the present study for sé@eral

X
reasons. First, this research provides an additional .
& ' cross-sectional view of the.dedelopment of childiep's_
' L

solution processes for addition and subtraction problems,
This is a useful aid to viewihg the development of such’
. ’
’ solution processes within the’kindergarten and first-

grade levels. Second, it traces the difficulty of -
various problem types beyond the first;grade level,
giving an indicaéion of the capabilities of older
. children for solving item types ¢ther than those included
| in the preéent stud&. Finally, the research-with older
[

chi}dren includes several additional comparisons of

performance on abstract and verbal problems.

’
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Abgtract Problems .
Although children in grades two and above generally
find all types of simple addition and subtraction )
problems less. difficult than first-graders do, certain
problem types remain difficult even for older'children.
For e~anple, weéaver (1971), Gréuws (1972) and Hatano
(1981) reported that third-graders éorrectly solved only
one-third to one-half of the open sentences of the form
__-bm=c with minuends less fhan 19. Difficulty indices
_ for the remaining five open sentence types have been
compar#ble io each other for children at or above the
third-drade level. '
A number of :studies repbrt data indicating that many
of the strategies used by first-graders continue to be

used by,a—non—trivial,percentage of older chlldren.

‘Several studies employing response latency tecgaiques to -

infer strategy ugs concluded that hypothesized counting

strategies often fit observed latency data. Jerman

(1970), Svenson (1975), and Svenson and Broguist (1975)

concluded that Tounting On Prom the Larger Addend was the
strategy that best fit observed perfénmance on simple
addition problems in grades three through seven.
Rogsenthal's (1975) results with 9-year-olds were more
‘ambiguous, with 6nly 11 of 22 subjects being fit by any
. of the .hypothesized models, but his study is important

’ . , '74
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because it ideftified some subjects who presumably used a
ttial‘and error approach to solve open sentences'gucg as
—_+b=c and __-b=c,

Of particular interest to the present study are the
data reported by Woods, Resnick and Groen (1975) and by
Groen and Poll (1973). These studies supported the
hypothesis that older childreh base their choice of
strgtegies on considerations related to the efficiency of
various counting procedures. Several counting strategies
might be uséd for ptobleﬁs such as 12-9=__ and 9+12=__,
or 12-3=__ and 3+__=T2. Data from these-studies support
ghe view éhat children would use Counting yp Proﬁ Given
for tgé two problems in the  first pair and Counting Down
From for the two ptobleds in the second pair since fhese

strategies would ensure that the child counted a minimum

number of units. Woods et al. concluded that second- and

£%?tth-gtade children used a counting strategy based on

the minimum of the smaller constant given in the problem
and the difference bethen the larger .and smaller
constants giyen in the problem. Some of Groen' and Poll's’
subjects were children aged 7-; who were given missing
addend problems; their repsonse latencies were also best
fit by a counting model in which the number of counts
reflected the minimum of the given aadend and the

difference between the sum and the given addend. These

N
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i

studies suggest that efficienc& of the counting process
is the dominant criterion used by children in grades .one
through four in their-choice of counting strategies for
Qbstract subtraction problems. This conclusion is
differené from Carpenter and Moser's (1981) finding that
problem structure dominates childién's choices of
strategies on verbal subtraction problems.‘

A number of researchers have directly observed older
cpildren's strategies for solving abstract addttion and
subtraction problems by using individual interviews.
Smith (1921), Thornton (1978) and Beattie (1979) observed
counting and Derived Fact strategies being used by‘
children in grades two through seven. Houlihan and
Ginsburg (1981) observed that Counting All was used only
infrequently bg second graders on addiSion problems, but
that counting-on strategies canstituted nearly half of
the appropriate strategies used by these children;
recalling number facts and Derived Fact strategies P
‘comprised the'remaining half of the fpprOpr{ate
strategies. r ‘ /

Brownell (1928) identified a range of indiviéual
differences among 14 children aged 7 through'9 who solved
single-digit addition problems. Half of the subjects
recalled :number ch‘F‘;s‘thgir predominant strateé},

three used number facts and Derived Facts with

76



[63]

approx;mately equal frequency, two children primarily
used counting, and two frequently used‘any of these three
;tr%tegies; The descriptive anélysis of individual
differences in strategy use repg}ted by Brownell~proviées
an important precedeﬂ% for the descriptive analysis in
the present gtudy. In another study Brownell (1941)
documented stratégies used by second-graders on abstract

]

addit;on and subtraction problems. Counting-on
sft;tegies were used more frequently by'second-graders
than by first-graders, although counting occurred
infrequently in comparisoén to Guessing, Derived Fact and
Number Fact strategies. More than 20% of the secénd-
graders' strategies on subtraction~problém§ were
categor‘?ed as . a type of D;rived Fact strategy;‘;ncluded
in this category were use of doubles or known facts to
generate other facts, use of addition facts for
subtraction problems, and the use of a fact in commuted
form, e.g., using 3+1=4 for 1+5-__. -
Svenson, Hedenborg and Lingman (1976) reported that
children aged 10-12 used number facts and counting-on
strategies with equal frequency .(on 36% of the items),
with counting in units greater than one (16%) and Deriveé
Facts (12%) copprising the remaining strategies™Qn
addition problems with sums less than 14. Svenson et al.

concluded that subjects used "highly individual methods
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for solving some of the problems® (p. 17?).
<\ Lankford (1974) found that counting' was the most
frequently used strategy among seventh-graders for whole
number addition problems and that 25% of these sub{ects'a
used fingers and another 16% used marks or motionsxfor ~
t{écking when counting. Lankford emphasized that even at
the seventh-grade leve} 'pupiis vify widely in the
computational strategies which they employ in operétions(
with whole numbers® (p. 29). ) .. \
When larger addends were used\(Flournoy, 1957;
Grouws, 1974; Russell, 1977), consistent evidence
appeared for individuals' use of a variety of sdiution

. methods. Russell’s third-grade subjects used a written

* algorithm only 50% of the timé for canonical addition
problems with sums between 19 anQ\ip. Grouws' subjects
used number facts, counting strategies, trial-and-error
procedures, guessing, derived facts, and the standard
computational algorithms to solve the four types.of non-
canon;éfl open addidon and subtraction sentences.

' Flouranxtgported that approximately one-fourth of the
.third-graquéaﬁsed several methods for solving addition
problems with a two-digit 'and a one-digit addend.

Verbal Problems '

Hebbeler's (1§77)'second-gradere correctly solved

approximately 95% of simple addition problems and

75
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L4

recalling. number facts was theis predominant strategy
(used on 60% of the iéems). Children's_performangg on
action and static addition problems improves with age and
g nears ceiling level in grade two and beydnd, b{t second-
graders sffil have difficulty with verbal subtraction
" problems (Gibb, '1956; Riley, Note 10; Schell & Burns,
1962), ﬁartiéulérly the static Comparé and Combine
problems. Zweng (Note 16) found that counting and
Derived Fact strategﬁes continued to be used through
grades three and four 6n verbal subtraction problems.
Carpentér and Moser (Note 17) reported longitudinal data
from end-of-year second-graders which indicated that
number facts were used on less than half of the verbal
problems with/éums from 11 tﬁrough 15 and that counting
stratggies.continued to be.used on 23;50% of those
prob;ems.
Abstract and Verbal Problems
Hirstein (1979) and Brownell (1941) each

administered verbal and abstract problems to second-
graders, but neither compared strategy use on pr iems in
the .two types of contexts. Brownell's-second-graders
performed slightly better on abstract than verbal
probiéﬁs. In Hirstein's study perfosmance on Join and

parate problems and their parallel abstract problems

8 comparabie. Verbal Join/Change Unknown problems were

A

)
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considerably more difficult (40% vs. 70% correct) than
the first- and second-position missing addend problems
(__+b=c and a+__=c). Hirstein also. noted that |
performance -on abstract and verbal problems was highly °
associated except for the missing addend problems.
Subngts who were successfﬁl on verbal problems were also
successful on abstract problems, and. the converse ;;s
true, except that a large number of children who were
successful on the'abstract missing addend problems failed
‘the corresponding verbal problems. 'Passingf and
"failing"” were determined by correct answers rather thad
use of appropriate strategies, however.
Summary ) %é

The above research with older childken has three
implications for the present study. The first is that
performance on simple verbal ﬁnd abstract a@ditiog’
problems approaches ceiling lével in grades two and
beyond. - Subtraction problems remain difficult, however,
with 50-75% success on the static problgms in grades two
and thre®. -

The second gen;ral result in the preceding studies
is that the straﬁegies 1dentifieé with kindergarten and
firsf-grade éubjects ;ontinue to be used in'iater years.,

Counting strategies, use of nudgtr facts, and Derived

Fact'strategieé’seem to be the predominant sfrategies
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t

‘used by children bsyond gfade one. Whether or not the
counting strategies are chosen by considerations of
efficiency in the counting Process or according to

.. problem structure is an open quéstion, although therg is -

soﬁ; empirical subport for the hypﬁthé‘&é that older

children a;teﬂd to the efficiency of their counting
procedures. g ' , ;&
. The final implication of the abové studies is that
there may be differenceé in children's ability to solve
verbal and abstract problems, in particular, the missing‘
addend problens (Hirstein,‘1979). Whether differences
_also exist in the strategies children use to solve

problems in these two contexts is at present unknown.
Conclusions .
Previous research has documented the difficulty of
many verbal and abstract addition and subt raction
_problems. The research using preschool subjects
indicates that even before child}en enter kindergarten

/they can successfully solve simple canoni®® addition and

subtraction pgoblems: The fact that many“kinYergartners
uss appropriate stratégies on addition and subt
verbal problems'suggests’that, if carefully chosen,

verbal and abstract addition problems are appropriate for
kindergarten shbjecés. -per formance has(been found to ’
impFove aftef initial instruction on addition and -

] . ‘ - B
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subtraction, yet certain simple. (single-step) subtraction

problems remain difficult even for third-graders. Data .

<

on children’s solution processes are needed to cont;i@uté

4

to potentiaQ explénations of these diff?culties as wei}\
as earlier ones which are exhibited by kindergarﬁ%n and )
fikst-grade,children. -Although the rflative dif%icul%y

. of certain verbal Qnd abstract problems for ffrst-graders
has been invesiigated (Brownell, 1941; Hirstein, 1979),
research which provides é’compirison of modeling
‘procegures, solution strategies“anQ‘errors on verbal and
_abstract addition'and subtraction problems is
-conspicuouslyfabsenf from~pfévious research.

The present study provides data pertinent to the
hypothesis that many -young children possess : substantial-
repertoire of alternative prpcedures for solving addition
and subtraction problems.: Studies providing data on the
processes children use for solving either vérbal or
abstract problems have indicated that alreaay‘at the
kindergarten level children use a variety of strategies
on vergal problems anq that thege sfrategies often remain
in uée even at much higher grade levels. However, ~ -
previoﬂs research has proJEded no comgreheﬁsive
déscriptiop of'kindergar;ners' pirategieé for solving
veibal and abstract problems, nor has any cbmparisoh of

solution processes for abstract and verbal problems been
. o - .
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~hypotheses having-been generated from studies emploxing

subtraction, older cHildren d9 appeat to use more . *

subtraction pIOblﬁzz with differing problem structures‘as .

'subtraction rathet than'as distinct problem types. ,Data

[

- I ,169]

A

<‘doneﬁﬁith children who have had initial instruction on

Te

addition.and gubtraction. i

De&piled data.on theiggiution processes used by .

k;ndergarten and first-grade children can supplement thb

i existing data on the development of children s strategies

for solving addition and subtraétaon problems. There is - !;

Sbme ev1dencé’that chlldren s 1n1t1al strategies for'

solv1ng verbal problems are in\ ence? by the structure ¢
t g

of the problem.' When counting 8 ies.are used the T

’
relationship of ch01ce of solutzon strategy td’either

problem structure or efflciency 1n counting has been

H;pothesized and remains an open question, with}competing
&

@
verbal problems and those\egélpying abstract problems.

Although strategies 1nvolv1ng concrete gggresgntation of
the problem and counting ‘stratedies persist even after ‘ _ &

1n1t1al 1nstruction on the Operations of add;tion and

abs%ract straéegies. These older childrenvalso may S '

d.lglop a.more unified conception of eachiof the
operations of addition and subtraction, treatrng

8 iﬁvolving a single operation)p(’ PRI

1nstances of 'rob

)

~

frgp the preqanb study can provfﬂe informati::.about how
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B the splution procedures of children whp have and have not

N had initial instruction on the woperations of addition .and

,subtraction d}fter on both abstract and verbal prohdems.

Research Related.to Procedural Aspects of the Study

'. The studies revieygd Subsequently served“as

‘

b

background for construyction and administration of the
C - '.." . N . i ;'m
interview tasks. This section 4lso will Teview the

£

literature theﬁ/ﬁerved as background for the individual

interview procedure chosen for this stugff. The , ]

difficulty of various abstract and verbal item types was.
a major considerdtion in choosing problem types to’ be

used in the present study; other structural aspects of

A Y

the tasks weré influenced by studies discussed

v  subsequently. 'Cbmplete details of the selegtion‘of the

.
<

Number Size | e

interview taske are given.en Chapter IIf.

Ay

. “" Previous.reseérch-ihdicated that children can solve v

problems better when the constants are- small numbers ..

. ] L N
> rather than-larger numbers.” This finding‘peld for_both .
L

_verbal problems (Carpenter & Moser, (198l; Vergnaud, 1981;

¢

Zweng, ﬁote 16) and abstract problems (Grfouws, 1912;
Houlihan & Giﬁsyurg,ﬂiQQI). A considerable body of
, resgarch amasaedhpfidr to 194&)at§eppted to determine the

& L3
" —-—

?; . .o relative difficulty.ofﬁtag addition and subtraction

* ' combinations with sums and minuends less tharf 19 (for ' -

A} N - ’ N : [y »
-~ -
-~ . . . ey, t

4

o - 84 .0 . W
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Exemple, see Clapp,. 1924; Knight ﬁ‘Behrens, 1938; Murray,
\ 1939). These studiés have been reviewed e}sewﬁere
(Brownell, 1941; Catpenter et al., Note 13; Suppes,
- ' ~ Jerman & JBrian, 1968). One consxs’)t fmdmg was that

the difficulty of addition and subtractxon combxnat1ons
* increases as the numbers get 1arger,$.;his finding, along
with Brownell's (1941) interview ta:ks which involged
"taught" and "untaught” fgcts;'suggested that -
distinction be made for each o&jthe kindergar}:tb and

£irst-grede levels bet een'pioblems involving smaller,

~more familiar numbers Ones usxng larger, less_

familiar numb&rs. ‘Hou 1han and Gxnsburg (1981) reported

. that abstract addition problems with two-digit addends’
were difficu@t-fot first-graders; this suggesteé_a'

- restriction of the size of the numgpexrs in the tasks used
in the current study to the "badic, facts," i.e., addition
broblems in which both addends are §ingle!!!5it ﬁumbers
along with the corresponding‘eubttactiop problems.

- ) ‘ Verbal problems using basic facts less than 16 were found

to be appropriate for use with‘first-gtaders in Carpenter '

& Moser (1981),*an% many studies with kindergartners

(e.g., Grunau, 1978; 5chwartz, 1969) have used items with

!Ums and minuends less than 10. ‘

Studies that have analyzed response latencxes (e Gey

,ékoen & Poll, 1973; Jerman, 1970; Suppes & Groen, 1967) ‘ :-
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have consistently reported uniformly lower latencies for .
problems involvrng~doub1es, e.g., 2+2 or 5+5. In terms

of both difficulty and solution strategy, doubles

appeared to be unrepresentative of the.set of problems ’) ..
that can be generated using numbers which are basic

facts.. This suggested that doubles be excluded from the

numbers chosen’'for use in the present study. -
"y Several studi have provided;data pertinent to’
® N strdctural'aspects of the abstract problems used in the \ .
/!

present study. Weaver (1973) and Lindvall and Ibarra
ér’(19§0) found ébstract addition and subtraction problems’
with the operation on the.left, e.dt, 6+__=9, to be
./) ' consistently easier than symnetric forms such as 9=6+__
Lindvall and Ibarra also reported that first-graders
experienced difficulty reading sentences with the) ’ - )
" operatjon on the right. . .
Two studies‘bave,investigated the effect .of- ‘
horizontalror vertrcal format on the diffrculty of
abstract problems presented in written mode éngle and’ ~\'
o Lerch 1(1971) and Beattie and’ Deichmann (1972) reported
little difference in difficulty between probbems in
horizontal and vertical format. ‘
WWW - .,

- The effect on problem difficulty of different
) " - e ‘
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-Regnick (1974) varied the order in which temporal

to, the third-graders involved action described either in

(731

positions of the question in verbal problems and the

ordering of the sentences within the problems has been

investigated by several researchets. Rosenthal and

il

information was given’ in verbal problems modeled by

atb=__, a-b=__, __+b=c, and __-b=c. All problems given

g ..
- .

chronological order
If Paul started out with 5 boats and he bought

3 boats, how many boats did he end up with? |
J

or in reverse chronological order,

Bow'masy boats did Paul end up withiif he baugbt

3 boats and he started out with 5 boats?

p\ , A
They found the reverse quer to be more difficult when
- -» ‘
f; of

‘percent correct was the critérion but not when laten

¥

‘position.of the gueqtion'(ﬁhfoye or after the data) waé
\B?t'g significant f&%tor-in difficulty of addition
.problems for, first-graders. Neshér and Kairiéll(1978)'
also found no difference in difficulty for chilgten'in |

grédes;2—6 between verbal problems in which the order pf ;

response was the criterion. Bolduc (1970) found that the

F

_the sentences reflected ‘the matural temporal order of the ¢
‘ ogcurrenceé in the problem and thosge -in which the .~x
= segueniial textual ‘order of the sentences did not reflect i \\\

[ 4

- the femporal_or@er df the occur!euces;
’ ' 4 i-

wl
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- '
The preceding studies suggested that in the absence
of consistent data concerning the effect of the order of
the bentences of the text in verBal problems that the
preferred word1ng for verbal problems in-the present
study would be that ref1ect1ng the natural order of

- ‘occurrences in the problem, especially since this form is

. comparable to that uged in other studies (Carpenter &
Moser; 1981l; Ginsburg & Russell, Note 1; Steffe & ’ ' S

Johnson, 1971).

_xe;lgbzlzfx_gf_ﬂanzprlefrxes
Much emp1r1ca1 attention has been focused on the tJ

effects of manipulative or pictorial aids on children' 5
performance on verbal addition and subtraction problems. |

"Results of many studies (e.g., Carpenter & Moser, 1981;

' Gibb, 1956 Steffe & Johnson, 1971) support the ~
confention that performance improves when éhildﬁeg;have
manipolative objects or‘piotures availablie. Pict ee and
manipulative objects have been found to have oompgrable
effetts on children's performg:ce (Gibb, 1956 Ibarra &- ‘ T

Lindvall, Note 9). The only évidence suggesting that
manipulatives'ninder performancefis provided by both
first- and second-grgpe results from Steffe et al. (Note
15) and Hirstein (1979). Hoser (Note 5) does suggest, .
' Qoweverp that the pree;noe of -anipula%ives influences

first-graders' choices. of strategies, with fewer counting

+

g - 88 - .
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and mental strategies and more concrete representatioq

~

strategies occurring.when manipulatives are present..

— .-

Empirical evidence regarding the effects of

manipulative or picéorial aids on the difficulty of

abstract addition and subtractlon problems is ‘limited.

Houllhan and G:nsburg (1981) reported that second- graders

did not use manipulatives on single-digit or on single-

digit, ‘double-digit addition problems.

This suggested

that tﬁehpreeept study include interview conditions in

" to the subjects, providing that kindergartners'
~

‘which man;pulitives were bdth available and not available

performance was not influenced too adversely by the.

absence of manipulatives. :

7

The availabiiity of menipulativeé is. also related to

the issue of the extent to which an interviewer uses

‘objects to present problems to the subjects.

The

conditiong under which manipulative or pictorial aids

were used in previous research have varied widely, from

'simpiy making aids available to the . subjeot, to requiring

the subject to use manipulatives, to presentation of the

problem via the experimentér's manipulation of the

objects.’

A

In studieg employing the latter conditioﬂ

(Ibar§a & Lindvall, Note 9, Lteanc, Note 12; steffe,

1970) the experimghter used manipulatives to form sets

represeptlng the two numbers in the problenm, performed

’
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necessary tranhformations of the sets (joining or
separating) for action problems, and the subje¢t was then
requiredito deternine the answer. This condition of

-—ptesentatién'essentially reduces the problem to one of
enumeration. One can argue thet although the subjects -
are required to determine the answer, they dre not

- required "to actually golve the problem and are ‘certainly
not required, to model any of the data, relationships or
actions in the probiem. Studies entailing such concrete
presentation of problems by the experimenter have

-
- P

o _ﬂ“_m_reported high rates of success, even.among -
klndergartners. Howeber, for ‘the purpoé:&,of e11c1t1ng
;Jmodellng and observing solution strategies, conclete ‘
presentation of:the tasks by the experimenter was deemed
inappropriate for the present study.
. Oral Presentation of Tasks and Subiects' Reading of
- Written Abstract Problems
- . The studies reviewed subseguently are pertinent to
the mode in which tasks were presented to the Bubjects,’
i ef, writteén or oral.‘ Houlihan and Ginsburg (1981)
found no differences ip difficulty or in the strategies
used by first- and second-graders between,apstract
' addition problems preeented in written mode §'4+3' .

writtdn on a card) and those in oral mode ("How much is

»

‘four and three?").

e o P
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étudies using verbal probléms}with young children
Hgve-rexied exclusively on oral presentation of the
tasks, but these proSlemf have been réad to subjects in
two ways. Carpenter and Moser (1981) read the entire
problem to first-grade subjects without pausing after

ea%h of the phrases in the problem, whereas Lindvall and

-
-~

Ibarra (Note 7) reported that kindergartnérs were unable
tg comprehend problems when they weip iga@ in their
entirety. Lindvall and Ibarra*s"procedure entailed
reading problems sentence-by-sentence and recording the

—~
chil@fs modeling procedure after each sentence of the

'siory”had been . The se;ializat;on imposed by'such
reading of the verbal probfgm poten%lally could have
altered the chiles strategy by precluding any apﬁroach
in which the child would first model the final state
described in the problem. Thus, line-by-line reading was
Vinapprépria;e for the present stﬁdy.

When abstract probléms are presented in written
mode, subjects often have difficulty/reaQinéqthe pfoblem
‘qorrectly and, consequently, solving the problem which is
‘actually-poséd to them. vBeﬁr, Erlwanger and Nichols

(1976) and Denmark, Barco and Voran (1976) documented
- young chil&ren'g misreading and misinterpretétion of .
wiitteq abstract addition and subtraction.problems, and

concluded thét even after 1n<¥fuctron children viewed "="

it t
>
EN
.
*

-~

-

-

¥
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*

as an operator, i.e., an ipdicator that the operation
_present (the '+: or "-" sﬁﬁbol) in the open sentence
should be performed on the tyo g;ven numbers.. Lindvall
and Ibarra (1980) presented strong evidence that the -
ability to,correctly read an open ‘sentence was a
prerequisite for being able to conreé£ly solve it. The
preceding studies suggested that in the present study
Qritten abstract problems should either be read to the
'subjects or read by the subjects and corrected prior to
\ solution of the problem, thus ensuring that subjects

)}

would, ihdeed, solve the problem presented and not some

other problem. .

WWLEH
Children;s ability to interpret and generate the
symbolism for additlon and subtraction has been the focus

of several’tesearche;s; efforts. 'Stﬁdies reported by
Payne (1967) and Ha*rick (1979) att mpted to determine
whether - 1nstruction on written symbalism for add1t1on and
subtraction should be delayed or i roduced early in the

. —
school mathematics curriculum. Payne reported better

achievement with early symbolizat and Hamrick found

that delayed symbol atiop led to better uanrstand1ng :

- for students who initiallfxdid not- possess the

' prerequisites for understanding the symbolism. The

-

P
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present study‘somewhat'differently addressed the issue of
' children's readiness for the symbolism‘used for addition
and subtraction. Rather than assessing children's .,
ability to profit from instruction related to symbolic
] representation of additio aqd subtraction, the present
. ’ study assesselt éhildren'sqability,to solve and their |
proqgssgs for solving orally-presented abstract p;oblgms
" at the kindérgarten level and written abstract problems
at the first-grade level. Consequéntly, the studies by
Hamrick and Payne, as wéll as those by Kennedy (1977) and\
' Allardice (1977) on children's production of informal
written symbolism for addition a;a subtraction, are
peripherally}related-to ghe present étudy. |
Writtegtsymbolism in the form of a humbgr sentence

is one type of model which a child might construct to

- )
represent the information in a verbal p}oblem. Lindvall

and Ibarra (1979). concluded that being able to solve a
ygtbal problem was, a prerequisite for being able to.write
. a numper sentence to model that problem. Carpenter (Note

3 , . . ’
14) also reported that few first-grade children could

'
v

coordinate their solutions of verbal addition and

-

subtraction problems with the number sentence they were
* required to write to represent the problem. Nearly one-
S fourth of West's (1980) third-graders could-not write an

. . appropriate sentence for a Join/Change Unknéwn
& ¢ . 4
L] ©

o 2\ .
L AR g

Kl

¢
$t
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7 ,
subtraction problem. The difficulties identified in
these three studies and in'Nichols' (1976) subjects’
attempts to use number.sentences to represent actions on

objects suggested that writing number sentences was often

not helpful to young children's solutions of verbal °~ ~ ,

-

problems and that subjects in the present study be’

. . . A
neither required nor encouraged to write number sentences
’

~

in conjunction with verbal problems.

An individual interview to assess a child's.
performance on addition and subtraction problems can take
several forms. Opper (1977) describei/Piaget's clinical
method, - one diagnostic‘tool for studying chiidren’s)
reasoning. In a true clinical interview hypotheses are

generated about the processes children use to arrive at

* their solutions and the subject's responses serve as a -

basis for subsequent tasks and questions from the

interviewer. Opper also describés a modification of
Piaget;s clinical method which she terms the "partially
standardized clinical method” (p. 92). This approach
combines a dedreesof standardization with the flexibility
of the clinical method by using standard tasks but
allowing the interviewer freedom to be flexible int

, subsequent probing related to the child's response. This

was—the approach used 'in the present study.
* ] .

L . 94
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hand, the-individual interﬁiew procedure minimizes

(g1

Alterﬁatives to the‘partially<standardized
individual -interview exfst and have been used by s
researchers to study various aspects of children's
th1nk1ng | Netu;al1st1c obser;;t1on, teach1ng
experiments, and the case etudy method (Qpper, 1977;

Easley, 1977, Stake, 1978) are three of these. However,

‘ each of these methods h 'advantages and d1sadvantag{§.
‘Ind1v1dual interviews not generate responses that are
'asfspohtaneouq'as those which derive from natura11st1c
,Apbservatibn'aor do they provide the depth and breadth of

“data -found in the case study epproach. On the other

occurrences of irrelevant behavior and provides an .

oppoftunity to focus on specif?q thought processes while
retaining sufficient generalizhbflity to make comparisons
between subjects and tasks possible. |

Refearchers who have used the individual interview

procedure with young ch&ldrenﬁhave often reported

difficulty in eliciting or interpreting the child's
verbalizations, Henchinekaya (1969) useq thinking aloud
and introspection to stud; preblem solving behaviors of
firstagraders but reported that "verbal description bf‘
their actions was difficuft even for fﬁe stronger pupils"
(p. 25). Shchedrovitskii and Yakobson (1975) also

reporieé difficulty iﬂ identifying first-graders'

- €
3
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difficulties associated with the indiVidual interview

- o [82]

' .

. -

solution progesses and focused on problems in‘wH!ch

gchildren could externalize their method of solution

} (problems presented with objects). Attempts to determine .

_D! a child .chose a particular strategy or used a given .
'operation in the computational process offen have been ‘ﬂ:
unsuccessful gg g., Zweng, Note 16). . Thus, two® critical

- & ) Lo
aspects of the individual interView procedure are the ‘ ; ‘e

-~

choice of follow-up questions and:-the use of’tasks that

elicit solutions based on obgervahle or easily inferable

behaViors.

Opper (1917) pOinted out some of the procedural

ey —

method. Among these were the possiblity that the child

will not*be at ease .and perform naturally in the « course

of dialogue with the interviewer, tpe problem of the ‘
interviewer maintaining neutrality Lnd avoiding.attempts

to elicit "correct" answers, the child's nisunderstanding’

of language that is not adjusted to the child's level, L
insufficxent time for the child to reflect on the problem

and to develop his/her explanations, and the necessity »

for the‘interviewer 5 dbrrect‘interpretation "of the

?

child's‘aotionh and responses on, which,subsequent

' questions are based. ‘Previous researchers' -use of the

partially standardized indiGidual inter#iew as a means of

gathefing data on yoﬁng-children 8 solutzo%ﬁ?rocesses for

o '
- B 1 ‘
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both verbal and abstract addition and subtraction
probléms (Carpenterhﬁ Moser.,, 1981; Hoﬁlihan & Ginsburg,
1981) indicéted that this met?od was an appropriate
method for use in a status study such as the resent
invedtigation, providing the ﬁreceding diﬁgic§8tieg with
the individual interview method were recognized.
Attempts to avoid or miqimize these difficulties ;}e

described in Chapter III. ) <

-

3 [
) The studies discussed previously represent one of
o . . . 5
the two major sources of input into the procedures for

constructicn and administration of the interview tasks,

They provided backggound information relevant tos the

numbers used in the problems, to the format in which

.

problems Mere presented and to the enviromment in which

the problems were presented. A second source of 'input )
into the procedures for construction and adﬁinistration
of the task; were pilot studies with kindergartners and
first-graders. The findings of these pilot studies and

[
- .

the resulting procedures chosen for use in the present

"study are the focus of the next chapter.

N
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®
'Chapter III
. FMP&RICAL PROCEDURES
The purpose of this study was to prgvide a ‘ \

description of kindergarten and first-grade children's
processes for solving certain addition and subtraction
_problems and to compare their performance on items:
presented in abstract and verbal problem contexts. This
chapter presents the questions related to the pfeceding
purpose and the empifical procedures chosen to attémpt to

answer thosg questions. The procedures used were

o

selected to identify solution processes. Children were

indiyidg lly interviewed, their strategies and errors
were‘odtzrved{ and appropriate anecdotal data\were
gathered.. ‘
Bsqgaxsh_Design_and.ls)uesj:iéns_ﬂddmssed_by_:bs_ﬁtudy
The -study was‘; gross-sectional status study in
which the variables of interest were problem presentation
context, nuﬁber size; and probiem'type.— The two grade
levels, two presentation contexts, two number size
levels, and six problem types are shown in Figure 1.
Kindergarten and first-grade subjects were both given
problems in two contexts, verbal and abstract.

- \

each context six problems involved small numbers and éix

Within

involved larger numbers. A detailed description of the

six problem types is given in a ‘subsequent section
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~-  Small numbers .
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Kindergarten

- Verbal Abstract '

Problen Types
Al A2 A3 A4 A5 A6

Problem Types
Vl v2 V3 V4 V5 V6

L) .

(sums less
than 6)

Larger nunbers
(sums 6
through 9) -

Figst CGrade

Verbal - Abstract

Prcblen Types
Al A2 A3 A4 A5 K6

~

Problem Typés
vl V2/V3 V4 V5 V6

Small numbers
(sums 6 -
through 9) . ‘
4 o
Larger numbers
(sums 11
through 15)

V1l - Join ~ \
V2 - Combine
V3 - Separate (small difference)
V4 - Separate (large difference) : -
V5 - Join/Change Unknown (small difference)
V6 - Join/Change Unknown (large difference)
{ ’

Al - Canonical addition (a+b=__ )
A2 - Canonical addition (a+b=__ —
A3 - Canbnical subtraction (smait’ﬁ”ffg?gﬁge) (a=-b=__) . .
‘N - Canonical subtraction (large difference) (a—b=_) '
2o - ?econd-po sition missing acddend (small difference)

‘ a+__=c) '
"A6 - Second-position missing addend (iarge alfference)

(a+__=c) , :
Organization of Variables of Interest

"F;gura 1.

AN . -
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dealing with the tasks used in the interviéws.

The questions of interest fell into three .
categories. Tﬁe first category cdqsisted'of questions
‘concerning the deécription of children's proéesses for
"solving addition and suB;raction problems and differencés
in their performance on abstract and verbal préblems.
Questions in the second catééog& focused on the

.

_ difference ip performance of kindergarten children, who,

-

'l

had not received initial instruction on addition and

subtraction, qu'first-grade children, who had received

»

"initial instruction. The third category dealt with the

€

description of individual differences in the solutign .

strategies children exhibit when solving addition and

7/

‘subtraction problems. The questions that follow are
. worded as substantive researéh'qqestions rather than

statistical null hypotheses to be tested.

Q!s&:ign;_Bgla:sd_;g;Bﬂfgzmahsthn;Abstxﬁst;an__ilgxbal

!

BProblems- .
;— Prior tio comparing.petfdrmancé on aﬂstract and X
| . . ,
L///*A//’;,__\,sﬁ;»verb'al problems it is_useful to charactérfze children's ¥
| " perfprmance on probiems in each of the;é two sentexts.
| Thus, two)questions in the firgé category involved
- ‘ ) _d{scriptiop of chlldrgn's strategies for solving’verbal
and abstract broblemg.‘ ‘ .
Qges%ioh.}. What.strategies-do children
. Q )
ERIC .

100-

+




in graaeS‘K and 1 use #Wb solve addition and
subtractios verbal problems?
Question 2. What strategies do children
in grades K and 1 use to solve abstract
.adQ}tion and subtraction pronlems?
The issue of relative'emphases on problems in verbal
and abstract contexts in initial instruction on the
.operations of addition and subtractien generated

\
questions involving comparison of children's performance

on, abstract and verbal problems. Prior to instruction on

addition and subttaction_children-have experienced
physical situations involving joining, separating,
equallzlng, and comparing sets of objects. These
processes form the basis for the problem structure
distinctions that are possible among various verbal
problems. If kindergartners base their choice of
strategy primarily on problen_strncture one mightlexpect
performance to_be better on verbal than abstract problems
because cues to fam111ar processes are prov1ded by the
physical situation 13 verJLl problems., As a consequence
of typical first-grade instructional emphasis on addition
and subtraction in abstract number sentence format, one
might expect little dlfference in performance on abstract

and verbal problems among f1rst-graders. Measures‘gf

children's performance would be the’frequency with which
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”

they use appropriate strategies .and the percentage of
'problems solved co;rectly.

" Question 3. Within each of grades K and 1
are there differences between.childéen'é ability
to solve addition and subtraction problems
presented in verbal problgm contekt and their

ability to sgave corresponding p:oblemél .
N o l

presented in an abstract context?’

Childfen's perférmange on abstract and verbal
p‘pb}ems cén also be compared with respect to the
stratégiés used to solve problems ,in the two- contexts.
Carpenter and Mosef (f981Y fouhd that problem structure

~ was relatéd to the choice.of .strategy used énkvagious
verbal'éubtraction problems. A wider variety of proﬂiémf
structures exist for verbal probléms than for 'abstract

‘problemsl.e.git for ®he abstract.p{oblem a-b=__ one can-
ponstruét‘sevefal verbal probiems involving either action.
or stéticugiﬁhafions. Because a:wider varietf-of éréblem

. structures occur for verbal than abstract problems, it
. - R ¢

' was hypothesized that different’ strategies may. be used

L

for corresponding verbal and abstract problems. ©

»

QueBtion: 4. “Within each of grades K and 1
are there differences between the strategies

children use to solve verbal addition and

¥

~ subtraction problems and those used for

- ’

e
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to account for children's choices of counting strategies

. backward) on,the relative efficiency of the two counting

- [89]

‘corrééponding abstract problems? (/_ -

s

A further question concerned differences in‘l
performange on verbal and abstract problems with smallb
numbers and those with largeﬂ numbers. Results from
other stﬁdies (e.g;, Moser, Note 5) suggegted thgt, in
botkwerbal and abstract‘contexts, children would use

differe strategies for larger number problems thanﬁfor

’

those with small numbess. @ ) .

.

Question. 5. Are kindergarten and first-

grade children's strategies for solving verbal

'S

. / - v .
or abstratt probleﬁg different for problems

g A

with small numbers than for problems with

» largér numbers?
' ¥

'Anothgr question®was related to the counting ' T

~ strategies children use to solve verbal and/or abst;acE

"problems. TFwo confliéting hypotheses have been generated

on subtractign'problems. <Studies utilizing response
. = * R

latency ﬁethodologyn(Woods, Resnick & Gfoenf 1975; Groen

& Poll, 1973) have concluded that children who use a

counting strategy to.solve an,apstract pnoblem'basa their

choice of counting strateéy (counting’%orward or countiné

*

? 3
methods. Carpenter and Mgser (1981) used direct

* <

obsetrvation of strategies and concluded that for verbal

R0
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‘ , .
subtractlon problems in which. the SUbtrahend was greater

than the difference,; when counting strateghes are used
they reflect the structure of the ‘problem,
use a counting strategy to solve problems such as 8-6=__

and 8-2=__ or corresponding verbal problems,

. .

d1st1ngu1sh among problems by the size of the difference
‘¢

between the numbers (i,e., count up "6; 7, for 8-6=__

they can

‘and coun down"B; 7, 6" for 8-2=__), or they’can choose

*a strategy that mirrors the structure of the problem
Y . r

-

(i.e., count.down "8; 7, 6, 5, k, 3, 2" for 8-6=__ and
i /. y . *
count down "8; 7, 6" for 8-2=__). Since kindergarten

children were expected to use concrete representation

rather than counting strategies tp solvé subtraction

problems, the following question concerning the influence

:
of effidiency or problem’ strudture was not posed for the
. . . /- .

" 4

Do first-graders who use
|}

kindergarten level.
" Question 6.

oounting strétegies to solve verbal and/or
: abstrsct subtraction problems use strategies

\\«\<which mirror problem structure or strategies

which reflect attention to the efficiency of |
alternative counting procedures? -

-KE-=Gxade 1 Diffexrences

questions was derived from the

Questions Focusing. op.

A second category

two grade levels in the study; First-gréde cnildren who

~

10

1

¥hen children

.
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—

have experienced formal instruction on the opératiOns of
additién,and gubfraction were expected to employ more
abstract solution .strategies. More abstgact,strgte;iés
are exhibited when,  rather than using strategies that )

concretely represent the problem data, children count oh

or count back or use a mental strategy such as recall of .

‘o basic fact., Differences in the level of abstractiqp of
kindergartners' and first-graders' strategies for solv}né
abstract and verb;l probleﬁs’hgve not been addressed in

previous'sthdies. Such differences are bf interest -

because they address children's developmené of ,

increasingly abstract and efficient strategies and can
————

potenjially influente the problem context used for

initial instruction. - * y
, .

» Question 7. Are there differences in the

level of abstraction of kindergartners® and.
first-graders' strategies?

~ . ‘
First-graders who have received formal instruction

;

~

. on the operations d&laddition and subtraction may have a

o

more unified and abstract concept of these operations

than kindergartners who have not had instruotion. One

way bf demonstrating such a unified concept of the .
* . ‘

operation‘;is by flexibly or interchangeably using
es

strategi hat directly model the problem and those that

‘do not.. For example, a child might use Separate From &nd

-

o ' 105
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Counting Up From Given on two Separate problems; the

’ f1rst directly models the structure of\the problem whlle(

N

the latter does not.  The fo%igwlng ques 2ion addressed'
poﬁential differences in the .flexibility with which

kindergargners and first-gfaders ugse strategies that

. directly model br do not directly model problem

N [}
structure.

Question 8. Are there differences in the

LN
flexibility with which kindergartners and first-

q’graders choose among alternative stratgg}es

-

s

réflecting and not reflecting problem structure?

-

Other ‘questions derived from the cross-sect10na1

aspect of fthe study pertained to ch11dren 5 errors and

’

misconceptlions of addition and subtractlon. A81de from

" errors/of om1881on (gue881ng or net attempting the

problem), errors exh1b1ted in the solutlon of addition
and subtraction problems can be of two types,ipropedural
errors or errors of interpretation. Proeedural errors
include errors such as miscountiqg and'forgetting problem
data, while errors of interpretation include use 9f the
wroné operation or inébilitx to correctly model the
problem. Car;enter and Moser's (1981) analysis of first-
grqgérs: errors on verbakproblems(documented use o{ the
wrong operation but did not detail children's iqebility
to'model problems. It was expected-rhat as a result of

-

L

L - b |
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insﬁryction or lack thereof, kind;rgartners' errors would
be qualitatively different‘from those 6f first-gradgrs.
Question 9.. Are kindergartners' errors '
. ’ - of interpretation qualitatively different from
those exhibiteéd by first-gradéfg?.

The frequéncy of occurrence of different types of

»

errors on abstract and verbal addition and subtraction
4 . ‘ -
problems is unknown, especially at the kindergarten

a

\~. . level. Quantitative differences may also exist between

the errors of kindergartners and those of first-gradérs.
. iQuestion 10. Do various types of errors J
in solving addition and subtraction problems %
occur with -differing frequencies for kinder-
gartners and first-araders?
' ‘ Qg§§1;i.on§_'2szsﬁining_zg_lpdiyidual_niﬁfgxsnsgs
) The extent to which individual kindergarten‘and \
. first-grade children differ in thefr capability for .
P solving abstracé and verbal problems -is unknown. It is_
T . possible that some child}eg can easily solve probl us in
one context but not in the other. Also, indivi&ualé ma;'
differ %ggtheif ability to solve addition problems andﬂ
. ‘ subtraction p;obiems. The solutiénﬂstrategi;s‘children

use determine another important dimension\g@ potential
' TN

individual differences.. If one can meaningfully g¢luster

children according to the types of problems they can




" 194)

“ solve, and the patterns cf so{ut}on strateglee fhey use,
1nstrupt10n éan be ta1lored to thee’nd1v1dual R ’ k -
f,dlfferences. . N . . | )
Qnestion 11. What individual differences'
occur among k1ndergarten and f1rst-grade children

in the1r ab111ty to solve and their strategles
o for sclv1ng verbal and.abstract addition- and
subtraction problems, i.e:, within each grade
) | level can 1nterpretab1e clusters of Ch11dren be
formed according to the types of problems they
’ can solve and theJty s of strategies they‘employ?
The remainder of this chapter describesnthe
émpirical procedures selected to address’the preceding -
questions. |
{ | Pilot Studies

Two pilot studies were conducted prior to choosing

the research procedures for fhe present study. In the
: first, six kindergartners and twelve rirst-graders solved
a variety of add}tion and shbtraction problensfwith sums
and mrnuends'less than 16. The tasks included abstract
. _ ~ and verbal problems based on the two canonical ‘dpen
/ sentences, a+b=__ and a-b=__, and the fdur non-canonicalu

] N
open sentences, -_+b=c, __-b=c, a+__=c, and a-__=cC,

¢

& Abstract problems were presented in a variety of modes,

including written number semtences and written-oral form.
v, M . ‘
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(342 accompznied y "How much is three plus two?").

) This ‘gtudy yielded four conclusions: C g e
" . 1) Three of the abstract problem_types,g;_-b=cJ - a
o \ ‘,__+b=§,’and a-__=C, and corresponding vergsl problems,

‘ooe o were difficult for first-qrqders. ‘%ith kindergartners .
- \ * these iteﬁs provided little useful data; subjects nearly

"always\guessed or made no attempt to to sélve the '

oy ~° problem." This"suggested that these pfoblems not be used .
," . _in the study.- r . \ ~ ) .

- 2) Some kindergartners relied entirely on

man;pulatlves to solve the problems' others were unable l.

to use ‘the ob]ects atiall " It appeared that
.’ S I . : ‘
klndergartners should be encouraged to use manipulatives,
o ¥ . - ‘ 4 . -7
e - 3) It was feasible to use problems from the

¢ < Carpenter and; Moser (198l1) study with kindergartners.
. . i
Kindergartners usgd appropriate strategies on _ . .

approx1mate1y half of the problems with sums 1ess thah

. ‘ten. Both klndergartners and first- graders exh1b1ted
. ’ ~

L]

many of the strategies identified in the Carpentar ana y

s
Fd . 7 7 - . - -

Moser study, and klndergartners' verballzatlons were

-~——~-A-rw«saff&e&enfwte_detegm&newthe~s%fategtee—thez—&s J
. 4) Overall performance on verbal and abstractr -7

problems was comgsnable both in terms of correct answers

and use of appr0priate,strateg1es,)but differences

o
. - , -

occurred in the strategies Used on individual .items. - .

»

-~ Ll " v ) "'
. v

’ ] T Ar . N - .
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s -

. Also, orally presented,abstr}ct problems were less

o -difficult than written ones. This suggested that
abstract problems should ,also’ be read to the kindgrgarten
subjects. . : .

A secohd‘pilot ﬁtudy;with sixteen kindeégarten
? children provided additional information pertinent to
chiidren's‘strétegies'and to presentation of the tasks.
This pilot study yielded the following information: .

¥) None of the sixteen children could corregtly read
the three abstract iéems,,a+b=__,‘a—b=__, gnﬁ a+__=cC,
This sugéested that all abstract.items be read go
kindergarten subjects. The pilot study also sugg?sted
that use of th; word "plus™-be avoided in the main@spudy;\
kindergartners more easily understood the ianguage "
and __ are how many?".
{

2) Less than half of the ':hildrefx used concrete

representatldn with fingers or manipulatives. This

suggested that modellng be encouraged among kindergarten
.subjects by making manipulatives available fo all

problems and by including warm—up tasks 1nvolv1ng the

.se_c£_£4ngexsganduman1pulat1ves. The lower success rate

of kindergartneIS'as compared to the first-graders in
Carpenter and Moser (1981) also suggested that more
. -

in which the highest probability of success would occur,

L

(; ) strategy information could be obtained firom the condition
¥

"prlc v | 1ig L



i.e., the "manipulatives available" condition.

3) Appropriate strateﬁies were used’on 25% of the
abstract items and 53% of the verbal problqms. This \\
suggested that kindeggartnersl capabillty for solying
-verbal‘problems might exceed their cépability for solving
ebstract problems. 7

4) Se;eral errors mot discussed in previous studies
were identified. Faulty modeling of subtraction
(modeling both sets and remov1ng one of them), 'sequence"
responses such as "4-3 is 2 because 4, 3 2", and "two-
digit" errors such as-"2+3 15323' were encountered.

These suggested that detailed anecdotel accounts of

errors, Particularly errors in modeling, be recorded in

the'main study. ' ’
Problems Used ip the Ipterviews.

Twod standard’'sets of addition and subtraction .,
oroblems were administeted to each subject; one consisted
of verbal problems and theiother of ap§twaqt problems.
Complete descrlptlon of these problems requlres '
/specification of three aspects: the structure49f'the
problems, their wording, and th® numbers used fh the
problems. ' L

Broblem Structure : " ,

The term "problem”™ is used in the sense of "textbook

type" mathematical®problems (Barnett, Sowder & Vos, Note
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18). Mathematical problem solving research tqpically
uses the term problem only when its connectipn to an

individual is specifxed, i.e., a task is a problem only

when it cannot be . solved routinely by the individual to

whom it is posed, and that individual accepts the task as

3

a challenge and attempts to solve it In the present

Y .
study addition and subtraction problems were defined by
their structure ‘rather than in relation to an individual
- 3

who was attempting tqQ solve them.

Aisidple distinction can be made between addition

and subtraction problems. Those prohlems in which - .

applying the operdtion of addition.to the two numbers

given in the'probfem produces the correct answer are

defined as addition problems. Similarly, subtraction

) problems are those in which applying the operation of

subtraction to »the &ho numbers yields' the correct result.

Thus, even though the problem 3+__=8 contains the symbol-

e, defined as a subtraction problem.‘ This
)

defin tion-is consistent with Moser (Note 2) and Reckzeh

(l956) ‘but differs from other researchers' definitions of

"addition and’ subtraction‘problems .(Van Engen, 1955).

Addition and subtrection problems can be grouped

into twoﬂlarge\fategories accéording tp the context in

which they qre presented to children; this presentatio;

context.typically is eiﬁher‘abstract or verbal Problems
N I k o - '
- ) . ' /
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presented in-an abstract context are -ones in which the R

.data in. the problem é}e‘presented without being related
3 . \ ‘

, \ \
to any .physical referents? Exdmples of abstract problems

. ", . are written number sentences su¢h as 8-2=__ and oral
. . J 4 R N
questions - such as "Eight' take away two 1s how many’" "
- . Verbal problems are def1ned_as problems in.which the data

4 N, e

are embedded in a physical situation,‘i e., there are =
Y -

*

-~

’ : actlons ‘on or relat1onsh1p§ gmong the entities or
-physical referents to whiah the numbers in the problem
,are "related. For example, sets of boys are the referents

for the numbers two and eight ‘in the verbal’ problem "Bill

-

d" ) has two toys. How many toys doesupe have to put w1th
them so he has eight toys altogether?". 1In th1s_study‘

the term "verbal prob;emgT refers to problems that.arq

4 ~ *
>
© .

often called "word problems" or "story problems."

Distinct problem structureé are created by varying

v . -~ \
”
aspects’ of the relatiaqnships or actions on the entities ’ .
] N ) ., N
., in the problem and by waryjhg the unknown number or

. . A‘question in the problem. All}l additibn.problems used in
' . — N ~ o c .
‘the study were ones base

atb=__. The*addition
problems were all® constructed so that the second addend
Si: ¢ Wwas the laréer of the two, This was done so that it

would{pe possible to d1st1nguish chlldren who msed a \ /

counting strategy in which they s1mp1y began counting

with the first number given in the problem from those who

‘ - R
ey . . \ N , ‘

o~ - 113
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" ;
used a more advanced strategy of counting on.from the

larger of the two addends..,

The abstract addition probléis presented orally to

D

the kindergarten subjects were all of the form "__ and __
' . are how many?", and the.abstiact)addition problems ) ; .
presented to the first-graders were all of the form - o

atb=__. Previous research and the pilot studies

- (.iQQicqted that, because of their difficulty, other
addition problems such as __-b=c or c&=__-b would be
inappropriate for‘kindenga;tners. Hencg;‘only one Eype
of abstract addition problem was used. ‘

K The verbal addition pr051;;8 consigted of two
problems based on'a+b-__ but with differing prgb}em
structures. These were 3Bin'groblgﬁs entailing aqtioﬁ on
the p oslem.entities ané Combine probleﬁs ;nvoiving '
static relationships among the problem entities:

i : éxamples of thesJéafe given_fn the sample verbal prob}em

| tasks in Table 31 The Join and Combine problems were
sélec;ed because they progideé action and static addition -
.prqblems on which diffg;énf modeliqg prdéedures '
potentially could be used. Other verbal addition
problems, 9.§., those based onﬁ__-b-c or E-__-b, are A Y

difofié‘lt for first-graders (Carpenter et al., Note 13) .

and were not used in a related study (Carpenter & Moser,

' 1981). Thus, the verbal addition.problems in the present

-

ERIC -~ 114
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Table 3

~Sample Verbal Problems

Addition

Join ’

Combine'

' _______Subtraction

.Separate

(small difference)

-

~
Fl

Separate |

(large difference)

Join/Change
Unknbwn

(small difference)

Join/Change
Unknown

(large difference)

Judy had 3 stamps. Her

mother gave her 6 more .
tamps. How many stamps
did Judy have altogether?

Fred saw 2 tigers. He
also saw 5 elephants.
How many animals did he
see altogether?

Mike had 6 kites. He gave
4 kites to Kathy. How
many kites did Mike,

have Xeft?

Joan had 9 apples. She
gave 2 apples to Lerox.
How many apples did Joan
have left?

Susan has 6 cookies. How
many more cookies does
she have to put with

them so she has 8 cookies
altogether?

John has 2 cats. How many
more cats does he have

to put with them so he has .
9 cats altogether?

115
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- ’ ‘ R
study were restricted to Join and Combine problems, those

¢

.proyiding the greatest likelihood of eliciting useful

"~ data. - .
5 O | o
. The slibtraction problems were ones based on either

the canonical subtraction sentence a-b=__ or on the

Y

second-position missing addend sentence a+._=c. Thése

* ' préblems were ones on whith first-graders were expected

.

to-have experienced instruction (a-b=__) as well‘as items
‘on which they were‘expectgd to have-ekperipnqed no
instruction (a+__=c). Other subtractiofi sentences such
as a-__=C were-deemed too difficult for kindergarten
subjeéts an@ items such as __+b=Cc were. eliminated because
of the modeling difficuli;eg associated with'problems in

. K
which the initial set was unknown.

)

The abstract subtraction problems presented orally

to the kindergartners were of the form '}g:ﬁnnullaway __

. - is how many?" and ®*__ and how many are __?". 'The

abstract number sentences presented to the first-grade?i\

were of the forms a-b=__ and a+__=c. At both grade /

.4
¥

leyels within each type of subtraction problem a fur¥her
"disdinction was made between probleis in which the
diét%rence bgtween the ginuend and subtrahend was.;ﬁéller
thgn'thé subtrahend=:ﬁ3'those\in which the difference was

~

AN . .
larger than the subtrahend. Henceforth, the former are

referred to as "small difference" problems and the latter



¢

.
]

as "large difference" prOblems. ' g (-'

" The subtraction problems uéed in the verbal problem’

“

hY . .
interviews were Separate and Join/Change Unknown

~

problemf) These problems both 1nvolve actlon but have
different structures; the Separate hnd J01n/Change"
- Unknown problems correspond to Gibb's (1956) "take away"

and"additive' subtraction probléms. W1th1n each of
o -
these verbal problem types a dlstlnctlon was again made

£ o

between problems in which, the difference ‘between the

‘ F g

minhend and subtrahend was sﬁaller than the subtrahend

* * ot

" arid ‘those in which the difference was larger than the

subtrahénd. A Thus, four types of verbal subtraotion

problems were used in the Xerbal problem integviews.

These problems are-referred to as Separate (small

3

difference), Separate (large difference), Join/Change

-

{//annohn (sﬁall‘difference),'and,Joih/bhange Unknownr
(

large difference).

The four types of verbal subtraotioghproblems were
selected for several reasons. Instruct{on on subtraction
is commonly introdueedssﬁa separating sete of objects;
thus, the Separate problem‘was appropriate for use wito
kindergartners and firet-gradefs. The Join/Chaoge
Unknown problem provides a contrast to the Separate

problem beacuse it i¥s worded additive;, and may elicit

different strategies. Both of thesé froblems have been

117
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found to be less difficult than static subtraction
* pronlems such as Compare and Combine/Part Unknown
problems (Carpenter ef al., Note 13). The Separate and
Join/Change Unknown nroblene also were chosen because .
tnef can- be mapped unambjguodsly onto number sentences of
- the form a-b=__ and a+__=c. Such a mapping is not . -
nessibfe for Compare énd Combine[BaL;_ugknown problems

-but is necessary for comparlng children # performance on .

v

.»verbal problems and the1r abstract counterparts. Smallf
- o and large difference problems were included to prov1de ,
parrs of problems fowx which different counting strategres
were the most efficient (Question G)r& /
Format_and Wording of the Pfoblems ) )
» In previous studies children's perfornanqe\en ‘& ‘ B
horizontal and vertical nupber sentences has been
cpmparable (Beattie & Dgrchmann, 1972; Engle & Lerch,
1971) Since the suﬂjects' instruction had utilized .
horizontal number sentences, horizontal format was used
exclusively in the present stddy.

The wording of the Join, Separate, and Join/Change

‘Unknbwn problems was varied by using several different
nouns im each problem type. Different names such as’
© AN

Susan or Leroy and different bbjects such as krtes or . ‘
4 [

pencrls were used. Two different types of Combine’

problems were used in each subject's verbal problem {

\ g . . ‘

Q ' '118
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~

intefview. One involved a reference to objects for which
the subordinate and supraordlnate classes were s1m11ar1y
- -named,,l.e,, sugar donuts, plain donuts, and donuts, and
. ' _ the other involved objects for which the supraordinate
. ~c1ass carried a different namé from that of the .
subordinate classes, i.e.;-tigers, elephants, and
animals., Previous research (Bolduc,.1970; Kellérhouse,
"1975; Steffe, Note 19) was inconclusive regarding the
L | _effett of such varylng of the names of the objects in
= addltlon problems. Informal observatlons from the pllot'

studies suggested that ch11dren responded s;mllarly to

; ’ 'these two types of problems, ‘and thus 'no attempt was made
to vary problems systematically “along this d1mens!on.
“Appendix A-:-contains the complete list of stems used to\
generate the verbal problems.- _ : '
Assigpment Qf_Numngs_m_mel.ems
In each problem two aﬁmbers were given as part of!

" thé problem data,  These twb numbers were elements of a
number triple (x,y,2) defined by x+y=z, with x<y<z. Two
setg'of number tr.iples were chosen for each grade level.

Th® ctiteria for selectlon of these number triples,

. included: d

: 1) “Small"™ numbers and "larger"™ numbers were

- v 4
included at each grade level 8o that some problems

* involved numbers w1th which tHe subjects had had

A o e . e

v : ’ ‘ ) .
' ‘ . A 119
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‘Parkgan, 1972; Svenson, .1975). .
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substantial egperience and others involved numbers that
the subjects had used les$ frequently. Number triples
withhtﬁe sum, 2, less than' six were designated as the
small numpers for kinderéartners and trigles with 5<z<10
constituted both thé larger numbers for the ki ergarteﬁ‘

subjects as well as the small numbers for the first-

*

‘graders. The léfger~number§ for fhe first-graders

involved number triples with 10<z<16. Since only a few
number triples with sums-less than six met the preceding
criteria, it was necessary to use,each of the threi small
number-triples at the kipdergégtgn level twice within
each set of six problems invdlving small numbers.

2) Number'triples involving doub%es, e.g., (3,3,6),
were not used.becauqe they generate pfoblems which are

less difficult and not representativé‘of-adﬁition and

subtraction problems using other number triples (Groen &

} No addends were zeio,~@nd addends Jof were

included only for the small number e kindergarten

‘level. , .

4) ConsecutiVe addends were avoided so that the

difference between z-x and z-y was as large as possible,
This offered the maximum likelihood that subjects would

%
use different counting strategies on the subtraction

problems z-k-_f and z-y=__ (see Question 6).

120
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The number triples used for smallsnumbers at the  #*

‘kindergarten level were (1,3,{), (1,4,5), and (2,3,5).
The six number triples which served both as the larger
numbers for kindergartners and the smaller number# for

-

first-graders were (2,4,6), (2,5,7), (2,6,8), (3,5,8),

-Z,7,9), and (3,6,9). The number tggples\used for the
larger numbers at the first-grade level were (3,8,11),
(4{7,11), (4,8,12), (4,9,13),. (5,9,14), and (6,2;15).

Latin‘squa;es were used to generate six orders .for
the assignmeqt of number triples to problems. Since only
three number triples were available for u§;_in problems
with small numygrs'at the k;pdergarten level\a partial
Latin sguare procedure was used to assign the three
number triples to the six int@kview problems at that
level. Care was takeﬁ mot to al;ow.the same number
triple to occur twice on anf given type of problem, e.q.,
the triple (1,4,5) did not occur on both verbal or both
abstract'problems based on a+b=__.' The number triple
orders used in the study appear in Apéendix‘B.‘
Construction of Problem Sets for Subjects

Six task orders were used to minimize'any order
effect in the administration of the interview problems. _
A modifiea Latin squarg yielded six different task orders

for the six problems involyving triples of a given number

size level. The Latin square was modified so that no

L3
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4

problem of the form a+__=cC appeared as ;he first
. interview task at eithg£|of the number.éize levels. This
- was done so°‘that -the first problém a child réceived,wouid
‘not_ be unfamiliar. The six task orders appear in ) Y
Apﬁehdix C. Four different task.orders wéﬁe useé for -
each shbject. one  for egch six-problgm half‘of the verbal
problem interview and one for each half of the abstract
problem intggview. . ‘ |
~ ‘The item stem§ in Aﬁpendix A, the six number triple
ﬁrpers for each number size levei given in_Appendix.B,
and the six task orders in Appendix-C were used to
- coﬁstruct a set of péob{ems for each subject. Since each
subject was éiben four 'sets of six brob;ems (verbal”

. problems with small and larger numbers and abstract
problems with.smali and larger numbers) it was necessary
to ensure that no subject received any task order or

- number triple order more than once. , Within this
} cohstraint, the task orders and number triple orders were

uniformly and randomly distributed twice within each

group of three subjects. :For example, task order #3

/

L]

appgaréd twice among the first three subjects as did
‘number triple order #5. A deck of problem cards was R
preparéd for each subject to ensure that the appropriate

= .
tasks were administered .in the assigned order. Appendix

a

D gives the specific verbal and abstract problems used in

‘
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the interviews with one kindergarten subject and one
first-grade subject. , ‘ d (
Sample_Selection s

The sample consisted of 50 k1ndergartners (21 maie,

TN

29 female) and 54 first-graders (29 male, 25 female) from
. ]

two rural/small town midwestern schools. Thirty-~two
kindetgartners and 34 first-graders were from school A

and 18 kindergartners and 20 first-graders were from , .
School B. These 104 ch11dren compr1sed the ent1re

population at tHEse grade levels wha had returned

parental consent forms. - The range ot ages for the

L ]

~.k1ndergarten sample was 5 years 5 months to 6 years 8

nth's” with a mean of 5 years ll'months. The range for

the f1rst grade sample was 6 years 5 months to 8 years 4

‘honths with a mean of 7 years 0 months.

’ %
Subjects were selectéd from the kindergarten and

[] . .
first-grade levels because kindergartners génerally do
: / ) * .

not rece¥ve formal instruction on addition and

Y 4

subtraction'while first-graders typically do receive such

’1nstruct1on. Schools A and B were<§P6sen chause of

‘l' thelr willingness to participate in the study. and -because

&

\Mey differed from the schools used in a related
~1nvestigat1on (Carpenter ézuoser,¥1981) Subjects in the.
present study d1f£ere¢ demographlcally from the

middle/upper~-middle clags subjects of’ the Carpenter and

LI . ” .
. . . GA
&
et ,I\-. , - ’
-
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Hbséé study; Scho®l A had extensive Title i programs and
School B was predoginantly.rural. An attemét was ma§e~to
chagbe schoQls th;t used a mathematics Rrogram differené
from Developing Mathe@atical Processes (Dyé) (Romberg,
Harvéy, Moser & Hontgomgfy; 1974). School A used _‘
Mathematics ip Qur World (Eicholz, O'Daffer, & Fleenor,

1978) and School B useg Mathematics Around s (Gibb &

Casteneda, 1975; Bolster eé al., 1975). These programs
provided a contrast to the focus Bn'verbq; problem
sélving and use of manip?latives in DMP. Th@s/;égtrast
enqbled'fhelpresent study to.pfovide_gata—eqnéérning the

generalizability of a portion of the Carpenter and’ﬁosér

" ,study to another sample.

<. xna;ms;mml_mmm_gf‘_m:_mm

Information on the subjects"instructional
backgrounds was obtained from te?cher interviews
cééducted after-the student interviews were completed.
The teachers described emphases they had placed on -
sections of the Eeyt, gupplém?ntary activities used, and
the e§tgnt to whiéh manipulatives were évailable and used
in the classrooms. All teachers reported that they |
attempted to use the approaqhes‘sugggéfgd in the texts.

Kindergarten children in Séhool A had heen
instructe; on "readiness work® for addition and

kY .
subtraction. This consisted of -exercises in $¥}ch

A

1\24 o

-

/
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pictures showed two sets of objects, e.g., three red cars
and twb blue cars, and the child was required to -
determine the number of objecﬁs in each set and the-total
-number of objects., "Subtraction readiness" pfoblems that
required the child first to determine the total nuhber of
objec?s and theh the number of objects iﬁ each subset
also were included. These exercises embodied a static
interpretation of addition and subtraction focusing on -
yrelationships between thé whole and its_partéfrather than
active joining and separating of sets of objects.
Kindergartners in School A'had.oﬁten‘useqimanipulatives
in their Tathematics’activities,but the use of. fingers
for couﬁ%ing had never been explicitly mentioned.-
Kindergartners in School B had less experience w}fh

gﬁﬁ?pulatives and had done no formal readiness activities

for addition and subtraction. This class had, however,

-

discussed "ways of making" ®ach of the new numbers they
studied, e.g., when learning the number 6 they identified ,~1

sets of 1 and 5, sets of 2 and 4, etc., with objects or
pictures. "Taking away" and "adding on" had not been

discussed. ,

In contrast to the kindergarten classes' emphasis on

static representations of addition and subtraction the -*

first-gradezinstrucéion in both schools had‘focused

.911@2231y on the actions of joining'and separating sets
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of'opjectsu In School B sets of objects were used for .
the initial introduction of addition and subtraction but
most. classroom work involved pictorial representationg or
abstract number sentences. dren in School B weré not
encouraged to use fgpeir fingers for modeling. i b

Manipulatives and the number line were used frequently ?ﬁ .
Sc?ogl’A; qnd’in one of the two classes, children vere '
éncouraged to use their fingers when necessary.
The first-grade teachers in both schools indicated
. they h;d not included explicit instruction on counting
’stragggies-sucﬁ-as Counting On From the Larger Addend.

]

Howe%%f, they indicated that/discussion concerning
counting on ané counting back took place with individuals
as_tﬁeiqpybrtupity arose. Sugééstions aucb_£§\309uldn'£
ou 5Lst&start'at 4 and say '5, 6, 7'" wer¥ offered to
chilé;én’who'qﬁeStioned the possibility of beginning the
//bountiﬁg séguence 4t a number other than one.
J éuggééﬁions about counting on and counting back were not

systematically introduced nor were they made to all

studgnté.
“‘x?{ndergqrtnérs iﬂ]both~schools had studied numbers
ﬂp to ten. First-exaders in both schools had done drill
- activities on additiéé and subtractien facts with-épys
and minuends less than'teﬂ. Children in School A:
\occasiénally had encountered problems with sums from 11

.
) r -
[ 4 . )
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through 15, but notttempt had been made to commit these
facts to memdry. 1In both schools first-graders had
received no instruction on missing addend problems. One

twenty-mifiute lesson on writing number, sentences to model

. verbal problems occurred in one first-grade class in

SéhooL A; this was the only formal experiencé any of the

subjécts regeived on verbal problems. of the type useé in
i

this study. .

‘ ~

Interview Procedures -

The partially standardized clinical interview
(Opper, 1977).was'used in thé present study. Each f{:E\
of‘a pre—detérmined sét of problems was pfesented to éhe
subject and the subject's response to the task was
obé;rveé'and coded by the interviewer.  When the child's
fTocess or answer was ambiguous,‘thé intér;iewer

obing questions in an effort to elicit a clearer

solution

asked
description of how the child solved the pxoblem. The
emphasi; in this type®®f interview was on undersianding
how~¥he child éoived‘addition and subtraction problems.
This method was selected because it provided both
uniformity among .the tasks and flexibility~in the
questioning used to clarify subjeﬁts' resﬁonse .
M;atiﬂ.aﬁ.:hsm:im

In the interval from March 10" to March 25 each }

[

subject was individually intérviéWed'on two occaslions,

[}

’ *’ .12
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once to solve twelve abstract’problems and once to solve

twelve verbal problems. These interviews were done on

separate days, often with more than one day's time

Aintervening. The order of administration of the verbal

and abstract problem interviews was counterbalanced so _ "

that a randomly selected half of the subjects at each . ‘ -
gradellevely;eceived a given type §§ interviéw first. P
Each day'sminterview lasted 15 to 30 minutes. Subjects i

weée individﬁglly interviewed by oné og EB;zé/;rained and
experienced interviewers: the experimenter, a '

mathematics education graduate student, and a research

r,spec1a118t.

ﬂgdg_gf.kmgn:angn_gf_the._mblgms ' \ /

When problems are presented ih either verbal or ’ ]

L4

abstract context the mode of presentation can vary. Fora i
example, the mode®-can be oral, wéitten, physical or ’
concrete, or pictorial. The extent of the chiid's and

the interviewg;'s involvement in the presenfation of the

problem varies acrosgtthese‘modes. Orally presented

‘problems are read by the interviewer while written

W

problems are usual{y read by the_child, and in the
physical and pictorial modes the interviewer uses objects
or pictuéesnto model for the‘subject séme of the data or )
relationships-iﬁ the problem, When the interviewer

models a portion of the problem for the child, the
. H N .
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a

child's solution process may be influenced by the

. 4 N s
4
experimenter’s actions and m3y no longer be spontaneous.

Thus, the present study used neither the physical nor the
pictorial mode for presenting problems to the.subjects.ﬁ
' The addition and subtraction verbal problems were
presented,orall& to both kinqergarten gnd first:grade
subjects due ﬁo’the subjects' .limited proficiency in
{fadinﬁ. The verbgl problems were read to the.child from
cards and re-réad upon requesE asnoften a$ necessary to
ensure that the child héd an adequate opportunity to
rememb;r the numbers aﬁa relationships in the problem,
Other studies (Carpenter & Hoset..1981; Ginsburg &
Russell, - Note 1) successfully uséd éral presentation of
verbal problems and the pilot studies also indicated that
such a presentati;n ﬁode was appropriate for subjects in
grades K and 1. '

Verbal problems were read in their entirety rather
than being read Eentence-by-sentence with pauses Qesigﬁed
to have the child model the igformation in each sengence
iqmediately after it was read. Reading th; complete
verbal problem was consistent with Carpeﬂ'er and-Mosgr
(1981) and in contrast to the procedures used byBLindvail
and Ibarra‘(Note 7). Lindvall and Ibarra reported that

kindergartners made few<meaningfu1 responses when

problems were read without an extended pause after each

129 \
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sentence. However, one must be cautious of this result.

Some of their item types were problems based on __+b=c
and __-b=c, problems consistently difficult even for
coildren beyond the'kindergarten level. Also, the pilot
studies demonstrated that many kindergartners could make
meaﬁf;gful responses to the verbal problems used in the
sfudy. Major pauses that are built into the reading of a
verbal problem can influence a chiid's strategy. For
example,.if one reads, 'Joho'had 8 pennies. (pause,
waiting for the child to conetruct a set of eight ‘ r
objects) #ie gave/6 pennies to Mary. (pause, waiting for
the child®to separate 6 of thHe 8 objects) How many /
penqies did John have left?", one discourages the use .of
an Addi ) trateay, i.e., with the pauses.included the
chilé would be unlikely to solve this problem by ’
constructlng a set of 6 objects and adjoining additional
ones until a set of 8 were formed. When the ent1re
problem is read without pauses, the Adding On strategy at
least becomes plausible.. Consequently, no extended
pauses were built into the reading of the verbal
probie?s.

,'Abstract problems were presented orally to the
kindergarten subjects becauée.kindergartners in the pilot

$, v ,
studies were unable to read number sentences such as ‘

243=__. Oral presentation of both abstract and verbal

\
130 "
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-

Jproblems made the moée of presentation of these problems .
comparable, although it did A;t provide a measure of -

- : /
kindergartners' ability,to interpret abstract problems in

v

. written symboljc form.
- Since fir ade instruction on abstract addition
T . and subtraction typicall§ eﬁbloys written nymber
sentences and since other studies*(Lindvgll & Ibarra,
1980; Weaver, 1971) preéented abs;ract problems in number
sentence format to first—graders, the written number
sentence mode of presentation was used with the fi;st-
R - grade subjects. Houlihan and Ginsburg's (1981) results -
suggested éhat‘first-gradets exhibit similar'performance
on oral aﬁd written abstract addition prbblems; thus the
. difference between the presentation modes of the verbal 3
and abstract problems (oral and written, respectively)
was not expected to influence first-graders' performance.
Furgpermoré, when first-grade subjects were shown an’
abstract problem, they were required to read-it prior to _ :
solQing it, and their reading waé corrécted by the
intgrviéwef when.necesgqiy. AIEhough,this wés done to
-ensure that the child-was solving the intended problem

rather than some misinterpretation thereof, it also

served to make the presentation modes of the verbal and ’ .

abstract problems more comparable.
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Materials Available to the Subjects

?revioo; studies indicatéd that children's -

performance gn addltlon and sabtraction problems is .
better when manlpulatlves are, avallable to model the
problem data and relationships than when no objects are
avaflable. Making manipulatiJEs available to the
kiodergorten subjects and encouraging their use was
expected to increase the likelihood of obtaining useful
data on their strategies and to aid in the interpretation
of children's etrategies. Because the problems were not
expected to be as difficult fBr first-gradefs and because
there are sotential differences in the strategies
subjects might use in the presence or absence of
manipolatives, half of the fi?st—graders were randomly
selected toqpove manipulatives available during the
inferview. The remaining first-g}aders were not given
objects, bBut, as with all suojects, were a;lowed to use
their fingers or objects in their field of vision to
assist in modeling or rep;eséoting problems.

Subjects were neither required not allowed to use
paper and pencil’ to model thevproblems in written
symbolic form. While it is true that problems can often
be solved by translation 1nto~m¢thematical symbolism,

such modeling is not easy for young children (Allardice,

1977).. Carpenter, Moser and Hiebert (Note 20) fouLd that

1

132 = .




(119]

many children when required to write number 'sentences Lo

model problems, often did so only after solving the

problem. Thus, the written mode of representation was

not used.

Twenty cubes, ten orange and ten blue, were
-available to the kindergartners and to half of the first-
graders. These wére placed on the table after. the warm-
up tasks and it was suggested that the child could use
them to help answer the qguestions. Whenever possib}e,
cubes used by the child were pushed back into the pile
after a problem was'cbmpleted. This was'done to aéoid
mistaken use of the‘results of a pfevious problem in an
attempt fo solve subsequent ones,

An "Oscar the Grouch" doll was use& as a prop for -
the interviews ;ith kindergarten subjecté; Children were
,told that Oscar needed help listening to and answering
questions about some number stories. At times children
were encouraged to explain‘what they d;d"so Oscar also
would know what to do." ' | .
Interviéw Protocols

Interviews took plaqg in a room near the child's
classroom. During the interview the child and the
interJ;ewer sat at a table that éontainza\fff materials

used in the iﬁtervigw. Aftér_some initial Tonversation

to put the child at ease, three warm-up tasks were

Ly
L
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administered. One was a sorting task designed.to.
encourage the child to ﬁanipulate objects, to encourage
. . . .

verﬁalization, and -to pfoviQe a "success experience."
The second was a counting task’designed t% determinel
whether the child could accuratel§ enumerate several sets
of objects. The third ;equiredvthe child to construct .-
sets bf‘objects with required numerosity. Complete
protocols for these ;asks are given in Appendix E. ,
¢ Carg was taken to avoid any reference to addition or
subtraction in the warm-up tasks. . Although two of them
invelved counting.and the use of cubes or fingers to
represent sets of objects, no referenee was made which (
tied these tasks to subsequent addition and Bubtraction
problems. It was hoped that these tasks would encourage
£ the use of objects or fingers by subjects who otherw;%e
might have been reluctant to use them. - ‘\5
Following the warmrup tasks, the child was given two
sets of six problems 1nvolv1ng different number sizes;
problems wlth the small numbers were ;dmlnlstereé first.:
Subjects were given aq much time as they needed to solve '
each problem. When t#e 1nterviewer was unsure of what
the child had done, some general guestioning techniques
were used. ., This inﬁeraction varied from child to child

and was dependent upon the child's actions and/or

r/ -
statements. An initial follow-up question was generally
L]
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of the form, "How did you get that answer?" or "How did
you decide __ was the answer?". Questions such as "Did

you count?" were not used because such a suggestion of

~

counting might have encouraged the child to describe a
gounting process even if one had not been used. Instead,
questions such as "What were you thinking about when yéu
did that one?" or "Were you'thinking of any numbers to
yourself?" were used. If children volunteered that tpéy
had been counting, then "Did you count forward or
backward?" or "What number did you start-bounting with?"
were appropriate questions. The questioning was designed
to elicit explanations; when it confused the'child or the
child was unable to explain, the interviewer proceeded to '
the next broblem. Prptocols for the addition and
subtraction tasks are given in Appendix E.

A final task, si@ilar to the first warm-up task,
'involved sorting geomet;ic pieces and was administered
prior to the child's return to class.  This provi&ed
- another sucdess experience and created a situation in
which the last task performed before returqing to class
(and perhaps 'hé one best reﬁemberedz was pot an addition

7

or subtraction problem.

Coding_of Responses

During and/or after a subject's attempt to solve a

problem four Eztegories of behavior were coded.

135




s Correctness of }he response, attempts to model or
’reprgsent the problem, the solution strategy, and errors
were recorded along with pentinen£ anecdotal information.
Appendix F cohtains the coding sheet used for the
interviews. The preceding fdﬁr categ&ries are not
mutually exclupive; the relationshigf among them are
described in the following sect ions.
QQ[LEQtDﬁEﬁ.Qf_B:&SDQDEQ :

Subjecté; numerica; responses were coded as either
correct or incorrect. When a subject obtaiqed a correct
answer by some jncorrect procedure, e.g., odbvious "wild
guessing® or miscounting in wﬂich}the second error offset

the first, that response was coded as jncorrect. When

subjects stated that they could not do the problem and

gave no numerical answer, No Attempt was recorded and the

interv}éger proceeded to the next problem.

Model or Representation of the Problem

' A child?models or represents a problem by changing
the modality in which the components of the prob;eﬁ are
given to some modality in which it is cénvenient to carry
out the solution. Addition and subtraction pfoblem
components, i.e., the numerical quantities, the
relationship and/or operifion connecting the numerical
quantities, and the relationship of the-unknown

-

quantities to the known quantities (Moser, Note 2), can

- -




be rgpresented in modalities- sdch as physrCal objects or
pictures, wr1tten prose, abstraét symbols, or 1nterna1
mental jimagery. In the present study:problems were
p ‘esented in verbal- spoken or dbstract symbollc mode._

' P110t studies and previous research (Carpbnter & Moser,
1981) indicated that k1ndergartep and first—grade

* children often model or represent such probmes e}ther by
using physical objects orfby using no visible
representation, in which case some form of mental
g:h{esentatign presumsbly takes place. The coding

categoi‘es for describing-the models subjects employed 9

described in the followln;/sectlons.

ubes. Manlpulatlve objects can be used in two
13
ways. Cubes can repregent sets described in the problem

\

or numbers given in the problem.- A set of ‘four cubes

might represent the "4" in ‘tKe prohlem 4+__=11, or

°

represent a set of four stamps- in a problem that begins,

-~ -

"Susan had four stamps." The child's interpretation or

representation of the action on or relatibnshipgﬁetween

. sets given in the probiem or of the opexatiqn on the
. - ’ ‘

——

numbers given in the problem is realizeg by actions
N \

performed on the cubes. R

Cubes can also be used in conjunctlon w1th a

A

cou t1ng strategy that requ1ffs the ch11d to. keep’track

of the number of counting words uttered. Fof,example, if
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Y ‘\\\‘_//;/4// ) o ' ' )
_ . .« ar-child begins countind” from four .and counts “five, 8ix,

seven, eight, nine, ten, eleven," seven cubes might be

set out one-by-one\to keej, track of how many counts were

uttered. In this“case the cubes are not initially used

to represent seven objects, but as counters to represent

number words. - . : -

Fingers. .Fingers also can be used in two ways in
the moﬁeliné process. They can represent the sets of
numbers described in the probMém or tney can keep trac&
of the numbers uttered in a ceynting sequenee.

No visible model. This Category was used when no
dxscernrble model ‘or visible representat1on of the
prﬁ/;ems wes” apparent from the child's actions or
statements. In such instances it was inferred from
subjects’® behavior.erlexplanations that they vere either ~
‘recalling,memorized information such as addition or
sustraction facts, using some"mental manipulation of
number facts or number properties, rhythmically keeping
track of some countrng 8equence, Or using some type of
mental imagery.

. L)
« Other models. Occasionally children visually or

tactilely use other objects as models when representing a

-

problem., This especially occurs when more than ten

4

fingers are needed to represent the sets or numbers in a

problem. Examples of other models are light bulbs, books

133




ST e TR T

‘Bolution Strategy

. [125]
“ . -
on a shelf, floor tiles,, or buttons or patterns on
articles of clothing; This category alsonwas useg when
children repérted that they visualized a number line on
the  table top and used that to model the problem.

It is possible for a child to use more than one
model gb represent a single problem. Iﬁ’such_instances
two or more categories- of model are/ZSEGGT— Children '
occasionally begig to use manipulatives or fingers and

then abandon them in favor of another mode of

., representation. A decision was made.to include the

initial model "only if it was appa;ent that the in;tial
attempt was used in some way in the‘solution strategy’
ultiﬁgtely employed. For example, if a chilg'é actions
when.éolving 4+__=11 entailed first forming a set of }wo
or three cubes and then saying, "Four plus seven is\
eleven, so the answer‘is éeven,' the initial attempt ;o
model the problem,using cubes was judged not to hav;

entered into the solution strategy and the category for
. LY

"no visible modelﬁ was ‘coded.

Once a child uses either-a physical or mental mode -
of repreééntation to model the components of‘gg addition
or subtra;tion problem, some action is pegfo;me?,on that‘
representation. ?his action can bé either phxgical_or
mental and constitutes the. child's solution séiategy.

130
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Included in suCh mental actions are recallingren addition
)

or subtraction fact or engaging in a patticular type of
counting. ‘The physical actions that comprise solution
stratedies often involve manipulations of physical
oojects. “These physicel and mental actions on
lrepresentations serve to characterize the processes
_childten use to solveg addition and subttaction problems.
;.They are not\\ntendlgbto describe in detail all of the
.-mental .and physical processes a Chlld ‘uses when solv1ng
problenms. ior‘example,‘Case (1978) uses the term

strategy to include processes such as looking at a

S~
numeral in a wr,itten ;lproblem, storing that - symbol in

a I
memory, and” so forth. Such a detailed level of
desc?iptionaodééirategies was not appropriate for the

ptesgﬁt study ce it would not have .enabled one to

observe or confédently infer that a child was actually
performindisuch actiops. On the other hand, global
.strategy categories such as "agds giéen numbers® offer

little useéﬁlxiqﬁornation when describing differencesg in

the processes children.use;to solve problems. The

_strategy,jrtegoties in the present study .represented

gualitatigely different solution ptocedures that could be’

. observed or easily 1nfetred ftom children 8 actions and

éxplanations

-

It was assumed that a subject used ‘anly one strategy
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to solve a problem. 1In some cases a strategy was

initiated and then abandoned; in such instances the

’

% .
interviewer coded the strategy that yielded the solution
of the problem. If no solution resulted, the last

L d N : 4 ‘
strategy used was coded. Coding categories for

strategies were derived from pilot work and’previohs

+ research (Carpenter. & Moser, 1981). Strafegies

appropriate for addition problems. are given first,

followed by strategies for subtraction problems and

-strategies appropriate for—both addition and subtraction

problems. Strategies for addition problems are déécribed

in reference to the problem a+b=__ with a<b.

Counting All. Counting All is a strategy that
concretely represents the problem, It involves ‘
constcuctibn of’two sets, one for eaéh addend. These .are
counted out "1, 2, ..., a" and *l, 2, ..., b." The union
of th two sets is counfed 'i, 2,. ...y a+b," and can be
formed in three ways: ‘

1) The /Jnion is  formed incrementally as the child

simultaneously models the second set and adjoins ‘it to

one 6bject.at a time to the first sef/ and the union is
then counted. This is Counting All wi;h ope set.

2) The union is formed by adjoining the second set

141
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.

en_pasgse to the first. In this case the second set is -

» counted before it is adjoined to the first set. This is
/

Counting All with two sets.

3) The union is formed iMplicitly, but no joining
action takes place. This is e)so Counting All with two

sets.

Subjitizing. Having modeled the. two sets
corresponding to the addepds_it is sometimes possible for °
the child to perceive the numerosity of the union set

without having to count each member of that set.
F e —

Subitizing occurs when the size of the union set is '

small, usually less than six or geven, or whén fingers

‘ are usea as the modeling device and the five fingers of

one hand are perceived immediately. .

counting On From First (Smaller) Addepd. In
contrast to Counting All and Subitizing, in which sets or
numbers in the problem are represented concretely, .
Counting On Prom First (Smaller) Addend employs a
sequence of coqnting-words to determine the solution ;o
thp problem. The countin? seduenge is fgrward, begins‘
with the smaller addend or its successor, and ends with
the sum, e.g., "(a), a+l, ..., a+b." &he child knows
when to stop by keeping track of the number of counting

'

words recited; this tracking may be done mentally or by

using fingers or objects.
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Counting Op From Larger Addend. This counting
strateéy is identical to Counting On From First (Smai{gr)'
Addghd except the ?ounting sequence begins -with the
larger addend or its successor} "(b), b+l, ..., a+b."

&his corresponds to the Min(a,b) strategy describéd'in
studies employing.response latencies kSuppes & Groen,

1963). Counting On From First (Sm;iler)‘Addend and
Counting On From Larger Addend were refgrred to as

"partial counting" by Broﬁnell (1941) and "counting on; - }
by Steffe et al. (Note 15).

The strafegieslspecific to subtraction problemsﬁgre
given next. These are described -ith reference to the
problem a-b-;_. RO

Separate From. - The child uses manipulatives or
fingers to construct the larger given set and then takes
away or separates, one at a time, a number of objects or
fingers equal to the smaller given number. Counting (or
subitizing) the remaining:objects or fingers yields the
aéswer. ‘Three countiné sequences aré uged: "1, 2, u:., in
a", "1, 2, ..., b", and "1, 2, ..., a-b."

ggun;ing_ngyn,zzém. "This strategy is the couﬁting
counterpart to Sepafate From and involves the use of a
backwards counting sequence beginning with or from the
larger number (minﬁend) and }nvolving as many counting

number words as the given smaller number (subtrahend).
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The counting sequeﬁﬁe is eitﬁer *a, a-1, ..., a-b+l" or
*a-1, a-2, ..., a-b." 1In this strategy the ch%ld does
not concretely represent the problem but uses a sequence
of counting words to determine the answer.

Separate To. Tﬁis strategy is similar to the
Separate From strategy except that the separating
continues until the smaller given quantity is attained
rather than until it has been removed, goﬁnt%ng or
subitizing the number of objects or fingers remobed gives

the answer. FPor example, a set of 3 objects would be

formed, and a-b objects would be removed until b objects

remained. Usually only two counting seguences are
Aeméloyed:. "1, 2, ..., a", objects are removed (those
remaining might be counted to check that b objects
remain) and those rémoved are counied, "1, 2, cuey aj?.';
Qantins;DQ!n,In. This strategy is the counting
counterpart to Separating To and is similar to Counting
Down From except that the counting sequence ends with_}he

4

smaller given number. Two counting sequences are

possible, "a, a-1l, ..., b+l" or *a-1l, a-2, ..., b."
Bdding_Op. Adding On involves modeling the smaller
given number (subtrahend), indrementfﬁ% that initial set
until the number of objects is equ;l to the larger given
number (minuend), and then counting or subitizing the

number of objects added on., Three tounting sequences are

- -
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used: "1, 2, ..., b", objects are added on while the

~

counting continues "b+l, b+2, -ves,a" and-finally, the )
objects qut:have been added on:are counté&ld, "1, 2, ...,
a-b." )

Counting Up From Given. This strategy involves
forward counting beginninhg from the smaller given number
(subtrahend) and ending with”the larger numbér {minuend).
The child determines the answer by keeping track of the_ -~
number of counting words uttered; this is done men;ally

-

or with fingers or objects. The typical countigg
sequence;is "b+l, b+2, ,.., a." 4

Matchipg. This %.Eafegy requires the use of
concrete representation. The child forms two sets of
objects, each set modeling one of the sets or numbers
. given in the problem. These sets then are placed
physically or visually in one-to-one correspondencgf and
the answer is determined by counting or éusitizing the
_unmatched objects. .The counting sequences are: "1, 2,
.v.r @% "1, 2, ..., b", and "b+l, b+2, ..., a-b."
Carpenter and Moser (1981) observed this strategy
primarily on Compare problems. Since these préblems vere——
not in¢luded in the present study;‘this strategy -was
expected to occur infrequently, if at aii.

Two mental strategies can be use& for both additiogn

and subtraction problems. These are described next.
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Number Fact. This stfa@ég& is- coded when the child
prodgées the answer by‘recaliing‘an addition or c .
subtraction fact such as 'pfn; minus threelis six." This
categorf is used when the child states the number fact or
responds quickly with the anbwer and gives the
justification, "I juﬁt know that," Number Fact is coded
when either an addition or ;zbtraction fact.is used. 1If

a child generates an incorrect answer by using an

incorrecély recalled fact-such as "two plus six is

_seven, " Number Fact is coded, the incorrect fact is

recorded, and "incorrect®" is coded for correctness of

~

' response. <

LY

Dé:iyed_zast. This strategy involves mental

manipulation of a known number fact to derive a number

£

combination needed for determining the answer. Typicai

.
-

examples of the Derived Pace strategy are those using
facts ihvolving(éoubles, i:r example, "Six plus six is
twelve, so six plus eight szt be fourteeﬁ,' and. those
using a combination involving ten, e.g., "I know that
four plus six is ten, so four plus seven must be elgven.'

when this strategy is coded the interviewer records the

'specific explarition given by the .child. Strategies of
be

this sort have'!been labeled ®"roundabout procedure® by
Smith (1921), "solving® by Brownell (1941), and 'indiregt

memory" by Houlihan & Ginsburg (1981).
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Several inappropriate strategies were coded for both

I

addition and subtraction problems. These categories are -

®

dascribed next. ' r
Guess. This‘stragegy is inappropriate and genera{ly
dogs not produce a correct answer. When a correct answer
is achieved as a result of an obvious "wild guess,” Guess
is coded and correctness of response is coded as if ghe
child's résponse had been wrong. Evidence for guessing
can be ;he child's statement to that effect or-little
'evidenée of thought in generating a quick response with a
numbe? that may or may not be close to the actual answer.
Given Nupber. This is an inappropriate strategy in
which the child responds with one of the numbers given in
the problem. The interviewer must determine that the
child generated the answer S;\bhoosing'one of the numbers
,given in the problem rather than by miscounting when
using some other sgrategy or recalling an incorrect

number fact. When subjﬁees/}espond with a number given

© in the problem and report that they have "guessed,” Given

.humber is coded.
Higng_gpg;a;ign. This category is coded When the

child adds the two numbers given in a subtréztion problem

or subtracts the numbers in an addition probleh. The
strategy is onl} determined to be inappropfiate; no

attempt is made to ‘_identify the particular inappropriate

2
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additien or subtraction strategy used.

Errors c = <
. Just as certain strategies are not independent of - .

the model used, eig,(‘Separating From requires the use of - ]
physical models, certain errors are not independent of

the strategy used. The éfratpgiés.Guess, Given Number, .

and Wrong Operation can be considered errors in that they .-

v ,
lead to an ipcorrect answer. Since they do, however,

describe the actiéns children take'upon their

representations of the problem, they are considered

strategies, although inappropriate. Wrong Operation .

invglves‘misinterpretation of the problem, while Guess

) and Given Numbet involve a lack of interpretation of the

prbblem. —_

~

Procedural errors also were coded. For the

following categories an appropriate strategy was chosen,

but an incorrect answer resulted. Incorrect recall of a

number fact is one plocedural error; this is recorded by

14

coding the Number Fact strategy .along with an incorrect .

answer. .

¢ Miscoupt. This error is coded if the child counts

incorrecség when using a strategy involving concrete

representation, for example, failing to count an object

or counting an ogject twice. Miscounting also occurs in

’cdﬁjunétiqn with ceunting strategies when a number is
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omitted or when the ent or exit numbers in the counting
sequence are inc ectly included- or excluded.

Forget. This prdcedural.error’pccurs when a child

forgets part of the' problem data and an error results

from the use of this incorrect information. If it is
suspected that this error has'occurred, it is necessary
to question the child after completion of the problem,
;skf%é questions such as, "How many stamps did Leroy have
to begin with?", or "How many stamps did his mother give
him?", or "What were the numbers in tﬁe problem?”.

.Several errors can occur on the same problem. In
some such instances both errors are coded and in others
only one is coded. When two procedural errors occur in
_the same ﬁroblem both are coded, ?or exampie, a child.
forgets one of the numbers in the problem and then ,
miscounts in detefmining ghe soiution. Multiple errors
such as Miscount and Forget typically occur in
conjunction with an appropriate strategy. When the Wrong
Operation error occurs it is deemed to ge the major cause
of the wrong answer, and-even ifAéﬁé child’also forgets
the problem data or miscounts, those procedural errors
are not épded'onge Wrong Qperation is coded. Other
errors arginot coded along with Given Number or Guess,
since these\ uniquely determine the child's error.

In addition to the above errors others were

+
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"anticipated.
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“primary-grade children,

st
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Pilot work suggested that for problems that

required more than ten objects some children might

! mistakenly respond with "10" once all fingers had been

used. Responses such as "three plus five is six" were

also anticipated since several subjects in the pilot

studies had based answers on the’ successor of the last
number given in the problem. Because of these poténtial
errors and because little was known about the types of

errors kindergartners might exhibit, the interviewers

) 'V ‘:.I - f ]
'attempted”to document any errors that did not clearly fit
predeterminedccategories in order to develop other error

‘ categories in a pgs;_hgg ‘fashion.

Additional categories

of errors and strategies resulting from the analysis of

3

'subjects' responses are given in Chapter IV.

The three coders each had been trained to use the
coding categories described previously. Prior to data
col. ftion intrafcoder and inter-coder agreement were
measured .using video~-taped gegments of interviews with

In all instances the level of

intrg-coder and inter-coder agreement was greater than

.90, Although thé coder training and agreement

assessﬁenthwere done_using verbal problems, the pilot

' studies suggasted that children's strategies, errors, and

modeling progedures for abstract problems could be coded

”~
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\ Chapter 1V -
| DATA ANAL&SES AND RESULTS
The precedlng cgapters have described the‘
background, design, and'data collection .procedures for
the study. Tne“pmceaures-'m'mtmt"with
. the studyfs.purpose of describing and comparing
kindergarten and first-grade dhildren's_performance on
" ‘ addition'and subtraction problems presented in: abstract
‘and verbal préblem contexts. This chapter describes the
analyses of the data and the results of those analyses.w .
The initial section of the chapter ptesents preliminary
results that are consequenices of the administration of
) the tasks and initlal aanLsxs of the data. The —
principal data analyses and resgults follow, and are

i
discussed in reference to the ‘research questions set

L O, . 3 ) >
t forth Chapter . . :
t-« ° .- . . E ] i e ]
“x . Lo The entire’set of abstract and verbal problems was

.adminjsstered to each subject. Although several subjects
guessed frequently, no subject appeared uneasy or upset

‘by the interviews. Consequently, analyses were carried
out ‘using a complete set of data for each subject.

‘ . Brmu_in_nata_c.ollecr.mn

I Three errors occurred ih the data collection, but
\

none was deemed to have had any substantial influence on

\)"‘ . ' . | , 152
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children's peifoimance. The firgt error consisted of

s’ L
four incorrect assignments of number triples to verbal

problems at the kindergarten level. For example, (1,3,4)

‘was uSQS)}n place of (1,4,5). Since number triples were

randomly assigred-to problems—and—each-number trjiple
occurred oftén with each tfpe of proble;, this error was
assumed not to have altered the subjects' proceeees'for
solving the problems. |

In three instances kindergarten subjects were given
an, abstract missing addend problem that invelved the
incorrect form of a given number triple.” For example, °
2+__=5"was used instead of 3+__=5. This was aseumed not

to have had any systematic influence on the subject's

solution process.

The third data collection error involved

adm1n1strat1on of problems or1g1na11y 1ntend/a for one

»

kindergarten subject to another subject and vite versa.

Since tasks were randomly assigned to subjects, this one
deviation from the original assignment of problem decks
to subjects‘was not expected to influence the results.
Clerical Procedu died to Coded Data

" The original coding sheets used by the 1nterv1ewers

were reviewed by the experimenter for errors or

inconsistencies in coding.. Several were found and were

resolved immediately after the data collection took

1"‘"

~
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’

‘place, Information from the original coding sheets was

transferred to another shest for ‘computer processing., .To

determine whether data were reliably transferred, a

-

random sample of five percent of these sheets was checked

for agreement with the original sheets. No discrepancies

~were found, so it was assumed that the transfer of data

was accurate, Checks for coding 1nconsistenc1es, e.g., a

/

correct response with the Wrong Operation strategy, were

performed during initial -data analisis; after these were

complete it was assumed that'the only errors in the data
were those caused by the 1nev1tab1e subjectivity of the

coders' 1nterpretations during the 1nterv1ews.

. ¢

The interviewers' Anecdotal accounts were used to
L

clarify any enbiguous responses. - Four additional

1nappropr1ate strategy categories and two new error

sets and removal of one

., categories have been defined to subsume those instance

for which none of the preGious coding categories was

appropriate. Also, na subject used the Matching
, ’
strategy, so this category was not used in the data

\ ’

analyses. , .
Model Both Setg. This faulty separating strategy
for‘subtraction problems involves construction of two

them rather than constructionﬂ

of a set and removal of a subset of it. FPor e;ample,

s




when solving 8-3= the child forms a set of eight

—

objects, forms a set of .three objects, separates or

‘removes the set of thsge, gnd concludes that the answer !
is eigg:‘after counting the remaining set of eight
objects. When this strategy is used a child
appfop;iately attempts to concretely represent the
_problém and remove t;"ome objects but is unable to -

carrectly carry out the Separate From strategy because

the action performed on the sets was incorrect.
.- Bll _Cubes Uged. In this sgratégy faulty modeling or

. ) ‘
representation of thd n ers or setd in the problem

~

leads to .an incorrect answer. It is demonstrated when a
child inappfbptiate{y uses gll of the available

manipulatives when representing an addition or

B¢ traction problem. Fgr example, if twenty cubes are
ailable when solving 8-3=__ or 3+8-__‘tpe.chi1d miéht
/ form s;ts of eight cubes and three cubes, but-deriye the
‘answer by counting éhe remaining nine cubes. Another
instance of this strategy occurs when.a child forms only
one set and eéunts all of the remaining cubes to
determine the answer. Although it is possible to oObtain
a correct. answer by cﬁance using this gtrateqy, this aid
not occur. - : .

Ipappropriate Fact. Subjects occasionally attempted

to use a known addition or subtraction fact on a problem®
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for which that fact was inappropriate. An examéle of
this would be a response of "3+3" for the problem 2+__=6.
In this‘instance the child knows that.3+3 is 6, but is
unable to recall a number fact involving the required
addend (two).
' Add_QnLg;xgn_Nnmng Occaslonally, subjects had
' d1ff1culty determining the set ‘of objects to count to
/ determine Ehe answer after carrying out an Adding On
strategy. The Add 0n7§1ven Numbertsttategy involved ‘
— - ~ initially using ap Adding On strategy to model the action
' or relationship in the problem, but answering with the
larger number -given 1n,the problem. This reflected a
difficulty 7n identifying the answer set among the
manipulatives or fingers that were present.after the
required number had been adjoiged to ¢heé 6tiginal sét
(iindvall & Ibarra, Note‘7f; For exampie, when solving
2+

=8, after six objects had been adjoined to the

original two, the subjeét had difficulty identifying the

six within the set of eight objecte. This strategy does .

not involve 'counting of the adjoined set, thetefore, 1t

is considered distinct from the Adding On strategy.
Two_additiopal error categories: Two types of s

etfo;s were iéentified whicﬁ could not be classified in

. ¥ . .
the original coding categories. The Ten Fingers' error

»

‘resulted from subjects' inability to use fingers to model
VR : /
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the data in problems in'which the sum or minuend was
greater than ten. Subjects would occasionally use‘an
appropriate strategy but give "ten" as the answer simply

because they did not have enough fingers to model the

-~

~ entire problem. This error could also occur if only one .

"'hand were used and .f:ig were‘*given as the answer,

The other new error category, Configuration, was
similar to the error resulting from the Add On/Given
Number serategy in thet it also resulted from subjects'’
1nab111ty to determxne the answer from theﬂf1nal )
conf1gurat10n of manlpulatlves or fingers. The »
Configdration error was coded whenever the subject's s
1ncorrect response was based on some perceptually
compelllng aspect of the final conff\guration of the
objects. For example, Conf1gurqt10£?was coded if, when

[4
solving 2+__=9, after mistakenly adding on eight instead

of seven fingers, the child realized the m1stake, removed

the one finger, but then focused on the one just removed,

+

giving '1' as tﬁe answer.

cmxmn_gf Dm_ﬁm__th.e_hg_s;hngls

The data from sechools A and B were cempared -with

respect to the frequency of correct repsonses and the
frequency of occurrence of various solution strategies
and errors. Subjects from school A correctly solved the

addition problems more often than did subjects from

“~

~

b




_8chool §. The p-values for subtraction problems were |

"similar frequencies by subjects from the two schools. . _
1
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school B; p-values were lower by approximately .10 in

comparable for the two schools.

In most instances -solution strategies were used with

Inspection of the data from the two schools indicated. -
that subjects in school A exhibited concrete
representation strategies (using fingers or cubes) more
frequently than subjects in school B. Errors involving '
the use of the wrong operation on subtraction problems
occurred more often in school A, wheregs, guessing and
responding with one of the.numbers given in th® problem

occurred more often in sohool B. Subjects in scpool B

attempted to use number facts more than subjects from

* school A. A brief comparison of the strategy frequency

and correct response data for the two schools is given in

.

et o B o m — e e e — —_

Appendix H. {\

The preceding differences 1n strategy use and T

. correct responses by subjects from the two sChools are

mlnlmal. Thus, data from the two schools are comblned in

subsequent analyses.

' QhMrenlsJerﬁmnM;mLand_ygrbal_melems

Questiop 1
What strategies do children in grades K

\

]

and 1 use to solve additiqn and subtraction

158
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Vi . .
verbal problems?
& The data on strategies used fof»solving thé verbal -
problems are analyzed descriptively. Results for /

addition and subtraction problems are summarized

o v;— - Separately. The first-grade results are compared to

”
-~

) 4

i

those of Carpenter and Moser (198l).
Aggi;ign_gxgblgms.- Table 4 presents the percentage

of use of the most frequently used strategies on verbal

adaition problems. In both grades strategy use was
similar for the Join And Combine problems. At the
kindergarten level Counting All, which invoi?es concrete
fepresentation of the probleﬁ; was the predominant

strategy. At the first-grade level concrete

- represéntation predominated when manipulatives were

»
available, and when no manipulatives were available,

mental strategies (primarily recall of number facts) were

used QSSt frequently for problems with small numbers ;hé
counting strategies for th;se with larger numbers.

The preceding first~grade findings were consistent
with tﬁe results of Carpenter and Moser (1981). Table 5
presents the strategies used on verbal proble;s in the
present study and the Carpenter and Hoéer study. These
are summarized according to three quglitatively different
levels of abstraction: concrete representation, o

cbunting, and mental strategieB. - Since the present study
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éBunting

All
Subitize
Counting

On From
Smaller

Counting
On From
Larger

Number
Fact

Derived
Pact

Guess

Given
Number

(1461

Tablg 4

Percentage Use of Strategies on Verbal
Addition Problems

Grade K Grade 1
________________________ - I ——
Join Comb1ne Join Copibine
S L s L . § L S L
C 34* 54 44 62 41 56 30 67
N 11 7 7 15
C 4 0 6 0o - 7 0 11 0
N 11 0 19 7
¢ 6 6 4 8 7 19 4 15
N \ 11 22 15 19
c 2 0 6 4 7 19 7 7 -
N 15 22 11 22
C 28 8 18 4 30 4 41 4
N 37 11 41 7
C . 4 0 0 0 0 ' 4 0 4
N 0 0 0 4
C 100 12 10 10 0 0 4 0
N .7 15 -4 7 .
C10 12 -4 0 0 4 0 0
N 0 73 0 W

* Columns do not sum to 100 because seldom-used
strategies are not included.
S - small numbers (sums less than 6, grade K)

-l

(sums 6 through 9, grade 1)

L-- larger numbers (sums 6 through 9, grade K)

(sums 11 through 15, grade 1)

C - Manipulatives (cubes) available

N - No manipulatives available
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Tabié 5

Percentage of Use of Three Categories of Strétegies by First-
graders in the Present Stqdy'and in Carpenter and Moser (1981)

Join
Carpenter and
Moser (January)
Present\Study

Carpenter and
Moser (May)

Carpenter'and

. Moser (January)

Present Study

Carpénter and
Moser (May)

Separate

Carpenter and
‘Moser (January)

Present Study

Carpenter and
Moger (May)
Join/Change Unkpown
Carpenter and
Moser (January)

Present Study

“ ,
Carpenter and

Moser (May)

.C - Manipulatives (cubes) available

Concrete Counting Mental
Representation . Strategies Strategies

Small Larger Small Larger Small Larger
Numbers Numbers Numbers Numbers -Numbers Numbers
C N CN C N CN C N C N
56 38 53 17 14 19 2032 2020 5 6

48 22 46 7 14 38 26 44 30 37 811

37 20 45!‘5 © 20 28 33 51 35 43 13 14

53 36 49 19 1318 23 25 1923 5 7

41 26 67 22 11 26 22 41 41 41 8 11
36 24 47 15 23 29 34 54 31 36 13 8

63 40- 69 18 5 5 4 11 14 13 3 2
44 33 78 33 719 8 29 34 33 4 11

4
57 44 65 24 9 16 16 25 26 27 9 15

46 29 44 11 16 16 12 26 1819 6 3

44 11 44 7 11 30 22 33 30 37 11 ¢4

32 21 5215 20 26 18 44 36 35

N - No manipulatives available
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occurred .in March- one would expect its results to fall -

between those of the January and May interviews of the

. Carpenter and Moser study.

'Even though the Join and Combine prpblems elicit
similar solution strategies, children who use Counting
All might use difﬁerent model ing procedures for tbgse two
problems (Heller, Note 21). The two types of modeling
that have been observed areé con‘truction of two distinct

sets, joining of these sets, and counting of the union
set starting from the number one on Combine problems; and
construction of an initial set,'one-by-one incrementing
of that set by the amount to be joined, and counting of
the resulting set starting with the number one for Join
problems. In other studies (Lindvall & Ibarra, Note 7,‘
Riley & Greeno, Note 4) pauses built into the reading of -

the verbal problems may have elicited different modeling

\ .

‘procedures for Join and Combine problems. 1In the present

study problems were read in their entirety without
pausing to require .thé subject to model the most recently

/
readerrtion of the prdblem.

Table 6 presents the frequency with - which various
modeling procedures were used. Modeling procedures for

these problems can be categorized as consisfent with the

structure of the problew (use of one set.for Join and two

sets‘for Combine), inconsistent (use of two sets for Join
' ¢

v
\
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Table 6

Number of Subjects Exhiﬁiting Four Types
of Modeling Procedures Used With Counting aAll

Modeling Procedure Grade

’ K 1
Consistent _ 4 . 3
Inconsistent ™ 1 1 - .
Uniform 21 9 \<
Mixed ‘ 1 3

—

—— - —— - — -

:

Consistent - Use one set for Join, two sets for Combline
Inconsistent - Use two sets for Join, one set for Combine

Uniform J;Use one set (or two sets) for botxh problems
-~

Mixed - Uée the Consistent proce&ure for problems at i ‘

~.

one number size level &m@ Uniform for

proﬂlems,at the other number size level
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i » d @" R
and one for Comb;ne), uniform (same modellng procedure

for both problems), and mlxed (e. g., use of a consistent

procedure £or small number problems and inconsistent or

uniform for larger number problems). The majority of
subjects in both grades used a uniform modeling procedure
for both types of problems. Several subjects in each
grade used ~one set for Join and two for Combine problems,
but one supject in"each grade modeled the prob%ems in the
opposite wey. The fact that inconsistencies and mixed

modeling procedures'occurred and that most subjects.

modeled both préblems the same way provides further

evidence that children's solution processes for verbal

eddition'problems are not influenced by the structure~of
‘.

rd

the problem. ) j )
Subtractiop problems. Table 7 presents strategies

used for verbal subtraction'problems. In both grades the

strategies used on the -two types of subtraction problems,

‘Separate a;o Join/Change Unknown, are those that most

directly model the action described in the problem. ° The
concrete representation and cOunﬁﬁng strategies used
Separate problems are in marked contrast to those used on

the Join/Change Unknown problems. For the former, the

. subtractive stf%tegies Separate From and Counting Down

'From predominQQEd:'ene kin@ergarten subject's use of

Counting Up From Given is the only ingtance in which an

. -
16

- -
z
J . ) ' 3 .
- *+ . /
. .
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. 6 .. - . ‘ 'i‘able 7 : Q)( '
) - . - Percentage Use of Strategies on Verbal P
Subtraction Problems .
B -"-—-l-‘ ——————— e ————— = o - = o e e e
, Separate ‘ Join/Change Unknown
. C Small °  Large . Small Large
. Difference Difference Difference Difference
K e , $ L S "L . s L . S8 L
o Grade K o » _
Separate  48%* 46 34 48 0 ©0 0 0
¢ "From e, L. . . :
. \ . oa : L.
T . Counting -0 2. 2 4 ¢ 0o 00
. . . Dgen From | | .
' \ . '™  addingon 0 0 - 0 Q 24 36 " 36 34
- ®Counting Up .0 o/ 2 0 6 10 6 2 a
¢ From Given )
v oL -Number Bact 22 8 32 °8 40 6 10 0
Derived, -0 0 ~ 0 0-° 0 -0 2 2 h
/Péct o SRR
Guess 12 227 12 16 . 14 22 824 ,
3 » - . t’ ’ N ) L
- ‘ Given 6 8 6 6 4 8% 612
Number - . C .
"~ - . »
L Wrong 4 4 - 2 4 10 12 14 10
s Operation - . oo
/ 7 .Kdd on/ -0 0 - 0.°0 0§ 6 6 -
S Given Number ) /
YL cradel ,
.. ° - - Separate C.44 78 52—56 .00 4 0
- L . From _ . N 33 -33 41 - 22 o‘ 0 0 0
- - . - ' ¢’ ’
\ , (comtiqued) , |
. E ¥ 185
* 1 4
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V. e ‘ |
o S ' ' , N 1s21
. . Lo CoL . ,
L S Table 7 (continued)
o e e e e g ————————— — - ———
Separate .Join/Change )
. . . ‘ .~ Unkhown . ’
7 ~ Small Large. Sdﬁll . Large t . -
. ' Difference Dif ference Difference Difference
° S' L -8 - L S L S L
—— i o = - > = o = ——— -7“— ——————————————————————— - ’
- Countlng c 7 4 11 22 0 0 0 0
Down From N 15 22 11 37 0 0 0 0
Counting € 0 4 0 o 0 0 00 ,
) Down To- N .4 7 0 0 0 0 0 0
. Adding. €0 0 /)@ 0 44 44 48 52 -
-~ On N O0-0 0 o0 11 7 22 7
: -Counting € 0 .0 0* 0 11 22 319
Up From N 0 0 0 0 - 30 33 15 30
Given i",- , R
Number C B0 4 22 7 26 11 30, %
- Pact » N33 7 - 41 19 33 4 30. 7
. Derived C 4 0 0 O 4 0 0 o
Fact ‘N 0 4 0 o 4 0 °* 0 o
- Guess cC 0 0 0 4 0 4 4 0 Rt
) N11 7 4 7 7 15 4 19 . ¢
. Given cC o0 0 0 0 o 0 0 0
Number N O 4 0o o0 0 11 7 4
Wrong .. C11 7 -/ 7 1 11 4 7 4 .
< Operation N 4 4 4 7 4 7 15 19
B e e e o o e o o T = S T, o S S G S T P T =y - ‘- - - - e = - .
! * Columns do not sum to 100% because seldom-used
e strategies are omitted.
. ‘S ~ small numbers (sums less than 6, grade K)
) (sums 6 through 9, grade 1)
L - larger numbers (sums 6 through 9, grade K) y ’
‘(sums 41. through 15, grade 1)
C - Manipulatives (cubes) available v N
. ‘N - No manipulatives available . ‘ ~
[

| Q i : ‘ 165 , ’ 2 Y
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additive strategy was used for a Separate problem. The
eubtractive strategies reflect subset removal or its
cgpnting analog, while the additive strategieﬁ, Adding On
and. Counting Up From Given, used nearly universally for
the Join/Change Unknown problems, reflect the joining
rather than the separating procees.

At the kf%detgarten level concrete representation
-strategies were %he predominant ones. However, when the
numbers in the problem were small, number fects were osed
frequenrly on the Separate problems,wito‘iarge
‘differences (5-l=_, 4-1=_, and 5-2=__) and .for the .
Join/Change Unknown probleme‘with small differences
(3+f_=4,'4+__=5, 34__=5). This is not surprising since
these problems afford an opportspity‘to use addition and oy
-subtraet' n f;cts involving ohe and two as well aszrhe
opportun 'y to easily hidgap counting strategy or to use
"it subconsciously. -

3 ? <
At the first-grade level, when manipulatives were

-

availab:l.je,L conc{ete representation sErategiee

predominated. For ‘small number problems mental

strategies were used more than countlng strategieB, and

the reverse was true when the problems contained larger
numbers. When noi.bjeots were available, counting and .

mental strategies were often used as frequently Oor more

/

frequently than concrete representation. These results
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N

closeljfbérglleled the mid-year findings of -the Carpenter

and Moser £1981) study (see Table 5).
Summary. For verbal addition-problems with

.

different problem structures, children's solution
processes did not reflect those differences in structufe.
However, for verbal subtraction problems, children's
strategies overwhelmingly mirrored ihe structure 6?‘the-
problem. -

Thus, data from the present study provide %ﬁrong
suppéft for the descriptions ﬂ& Carpenter and Moser

’
(1981) of the rélationship between problem structure and

" children's strategies for solving Separate, and:

Join/Change Unknown problems. ®The copsiéiency with which
the fréduenéies of use of strategies in the prgsen? study
fell within the range of frequencies of the mid- and end-
of-year interviews of the Carpeh;er,and Moser study
indicates that,-in 7pite of a difference in the
mathematics text series used, first-graders in-the two
studies used essentially-similar st{ategies for solving
verbal problems. ‘ -

°  What .strategies do children in grades K

‘and 1 use to solve abstract addition and

subtraction problemsa? .
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Addition problems.’ Table 8 presents the:
kindergarten and firgt-gfade subjeéts"average percentage
use of Strategies on the two parallel abstract addition
problems, At the kindergagten level, concrete ' ?

representation strategies were predominant, counting

strategies were used infreqﬁentLy}'and mental strategies

were used freqdently only on problems with small rRumbers.
The first-grade subfgété used Counting All aﬁ%“Subitize
much. less frequentlx,,relying pfimarily on recall of
number, facts when the numbers were small and counting
strategigs when Ehe proﬁlems cohtaingd larger numbers.
§ub;;ag;ign_p;gb1gm§./ Table 9 presents the ‘
strategies used by kindergartners and first-graders on
the:four types of aﬁstract sub;raction,problems. The

strategies used were those that reflected the structure

-

of the problem. Across both grades, with the éxcept;on
of one subject, additive strategies (Adding On and

Counting Up From Given) were never used for the p;obigps
‘based on a-b=__. ESimilarly, with the exception of small

diffetence missing addend problems with larger numbers,

———

subtractive strategies (Separate From and Counting Down

’

From) were used infrequently for the missing addend
. “ ‘ ' N
problems. Thus, although a few subjects in each grade

occasionally used subtractive concrete representation

strategies_for.the abstract missing addend problems,

s R Y/

. 169




Table 8 .

(1561

Percentage Use of Strategies on Abstract

Addition Problems

Small

Larger

Counting All

Subitize

Counting On

‘Prom Smaller

Counting On
From Larger

Number Fact
Derived
Fact
Guess

. E Y
Given
Number

Wrong
Operation

ZO ZO ZO Z0O ZO ZO

Z0O 2ZO

Z0

Grade K
Small Larger
Numbers Numbers
e
35 * 53
11 4
2 1
4 .8
21 3
4 0
15 19
l
3 7
0 3

17
26

35
24

13

* Columns do not sum to 100 because seldom-used
strategies are not included.

C + Manipulatives (cubes) available

N - No manipulatives available

'

»

150




Table 9

Percentage Use Of Strategies on Abstract
Subtraction Problems

Separate
From

Counting
Down From

Adding On

Counting Up
From Given

Number Fact

Derived
Fact

Guess

Given
Number

wrong
Operation

Add On/ 0
Given Number

(continued)
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Table 9 (continued)

La

(1581

rge

22

11
15

e e e i e e o o e e e e e e e -

* Columns do not sum to 100 because seldom-used
strategies are not included.

S - small numbers (sums less than 6, grade K)
(sums 6 through 9, grade 1)

L - larg.fnumbers (sums 6 through 9, grade K)
(sums 11 through 15, grade 1) .

C - Hanlpulatives (cubes) available
N - No manipulatives avai

170

lable

a-b=__ a+
Small. Large Small
Difference Difference Dif ference
S L S L s L
Grade 1 T
Separate C 41 70 26 56 0 22
From N 37 30 33 30 0 0
Counting C 0 15 0 7 0 0
Down From N 4 22 19 41 o 0
Adding On C 0 0 0 0 15 15
. N O 0 0 0 15 7
Counting C 0 0 0 19 41
Up Prom N 4 0 0 0 19 26
Given
Number C 44 7 63 22 48 4
Pact N 33 4 48 7 41 11
Der ived cC 4 0 0 -4 0"
Fact N 11 4 0 0 4 4
[ 2
Guess C 4 4 7 7 4 11
N 4 11 0 11 0 33
Given cC 0 0 0 0 4 4
Number N 0 0 0 0 .0 0
‘Weong _ C 4 O 4 4 7 4
Operation N 4 0 0 0 15 7
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children's concrete representation and counting
strategies for abstract subtrdction problems nearly
‘always reflected the structure of the problems.

Question 3 B

Within each of grades K and 1 are there

differences between cﬁildren'é ability to solve
aéditiop and subtraction problems presented in
verbal problem context and their ability to
solve corresponding problems presented in an
abstract context?

Children'§s ability to'solve a problem is measured by

two criteria, correctness of the answer and ability to

use an appropriate solution strategy:‘ Each subject's

responses are classified dichotomously on correctness,

with No Attempt being considered an incorrect response,.

I

i

Responses are also classified dich;tomously on the use .of
an appropriate strategy. Strategies that yield correct
answers but are uncodable (ambiguous) are classified as
appropriate strategies, and those uncodabléistrategies
that yield wrong answers are classified as inappropriate.
Tables 10 and 1l present a summary of sdbjects'
percehtage of cortect answers and use of appropriate
strategies on verbal and abstract problems containing

small and larger numbers.

To test for differences in difficulty between




pal

—

- Larger
Numbers

50
66
62

40
42

50
46

Tablg 10
Percentage of Correct Responses
Problem Type
Small
N ers
Grade K
Join 70
Combine ° 72
Abstract (a+b=__) 80
Separate (small difference) 56
Abstract (a-b=__, small difference) 50 .
Separate (large difference) 66
Abstract (a-b=__, large difference) 60

Join/Change Unknown (small difference) 70
Abstract (a+__=c, small difference)

52

Join/Change Unknown (small difference) 52
Abstract (a+__=c, large difference)

<

Grade 1

Join
Combine
Abstract

Separate
Abstract

Separate
Abstract

AN

(a+b=__)

(small difference)
(a-b=__, small difference)

(a-b=

—

(large difference)

"

large difference)

38

80
78
89

63
8l

81
89

I .
\L Join/Change Unknown (small difference) 80
Abstract (a+__=c, small difference)

.76

’z Join/Change Unknown (large difference) 69
"’ Abstract (a+__=c, large difference) 67

40
40

30
22

57
63

57
61

52
46

39
46

41
48

- — — ————— —— " Y - — ——— —— — - - — - - - - — - - - - —-—

aa
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. Table ll'

/ Percentage of Use of Appropriate Strategies

------------------------------- D N E Ly T ——

Problem Type Percentage Use of
\ ) SN Appropriate Strategy

Larger
Numbers Numbers

80
8l

(small difference) 72
(a-b=__., small difference) 54

(large difference) 72
(a-b=__, large difference) 64

. Join/Change Unknown (small differeﬁce) 70
Abstract (a+__=c, small difference) 54

L . T
Join/Cha;E!—annown (large difﬁerenég) 60
Abgtract (a+__=c, large difference) #+ ;42

Grade 1
Join , L 94
Combine ’ 93
Abstract (a+bs=__) 97"

Separate (small difference) "85
Abstract (a-b=__, small difference) 89

Separate (large difference) ‘ C-\89
Abstract (a~b=__, large difference) 94

Join/Change Unknown (small difference) 85
Abstract (a+__=c, small difference) 81

Join/Change Unknown (large difference).76
Abstract (a+__-c, large difference) 74
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corresponding verbal and abstract problems as measured by
correctness of response and by ability to apply
xappropriate strategies," the Cgchran Q‘Testt(Marascuilo &
McSweeney, 1977) is used. At the kindergarten level four
contrasts of interest‘arg_those comparing performance on:
the Join problém and the two abstract addition items,
a+b=__; the Combine problem and the two abstract addition
itemé; the two Separate problems (small and large
diffe;ence) and the corresponding abstract subtraction
items, a-b=__; and the two Join/Change Unknown problems
(small and large difference) and the corresponding
abstract missing addend items, a+__=c. Each of these
four contrasts is tested for problems with small n;mbers
(sums less than 6) énd for problems with larger numbers
(sums.s through 9). These eight contrasts are’cémpyted
using correctness of response as the measure of
difficulty and also with use of an appropriate strategy
as the measure of difficulty.
Table 12 presents the results of the Cochran Q Test
" for the kindergarten data. When correctness of response
is used as the measure of difficulty, none of the
contrasts is signifiéant at the .05 level. Hence,‘there‘
;re not significant differences b;tween,kind?réarthers'

.ability to solve (égrmeasured by correctnesg) each of the

‘four types of yerbal problems (Jﬁin, Combine, Separate,
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y Table 1?
Verbal--Abstract Problem -Contrasts, Grade K
———————————— EQFZZx. _______ e ———————
Criterion Contrast Significance -
Correctness Cl1-7,8 * =ﬂy;.09 ns (p>.05)
of Response C2-7,8 = -.07 ns .
. . C3,4-9,10 = =,06 ns '
. C5,6-9,10 = .16 ns -
C13-19,20 = -,13 . ns
Cl4-19,20 = .07 ns
C15,16-21,22 = .03, ns
- C17,18-23,24 = .04 ns
Use of C1-7,8 = -,02 ns
" Appropriate C2-7,8 = =-,02 ns
Strategy C3,4-9,10 = .13 " ns
¢5,6-11,12 |, = .06 ns
C13-19,20 = .00 ns
Cl4-19,20 = .10 ns
C15'16-21,22 - = .05 . ns
Cl17,18-23,24 = .04 ns
* Numbers refer to the problem types below:
Small Number Larg Number
. Problems ' Problems
1l - Join . 13
2 - Combine 14 .
3 - Separate (small difference) 15
- 4 - Separate (large difference?‘i 16
5 - Join/Change Unknown(small difference)l7
6 -.Join/Change Unknown(large difference)1l8
7 - a+b=__ - 19
8 - atb=__ 20
9 - a-b=__ (small difference) 221
10- a-b=__ (large difference) 22 : .
11- a+__=c (small difference) 23 .
24

v . 12- a+__=c (large difference)

.
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and Join?Change Unknown) and corresponding aba‘ract
problems.' Similarly, when ability to apply ah
appropriate strategy‘iswused as the measure of
difficulty, none of the cont;asts is signifiqant-af the
.05 level. Thus, there are no siénlf}cant differences

z

between klndergartners' abjlity to;use an approprlate
‘strategf to solve each of the four vetrbal additlon and
subtraction‘problems and corresponding abstract problems.
At the first-ggade level the preceding four v
contrasts at each numbes srze level’ are expanded to srx.
Klnaergarten level subtractlon problems with small and

[’

large differences are very similar when sums are less
k4 s -

than six, for example, 5-2=__ and 5-3=__ are rot markedl§
different. ’ConseqUently, the sma}l differenceiand large
differencé problems are aggregated. At.the first-grade
level none of the sums used are less than six, soiit is
reasonable to test for'ditferences‘in\difficulty between
Separate problems with small differences and °* t
corresponding abstract problems, as well as between’
“—”/Separate problems with large drfferences and their

~

correspondlng abstract problems. "Similarly, the one

@~

contrast 1nvolv1ng Joxn/Change Unknde problems at the
krndergarten level ig broken 1nto two at the first- grade

level. . Thus, there are six contrasts at each of the

number size ‘levels for the first—gapde dataz

AN
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Results of the compar1sons for the f1rst-grade data

©

are/presented in Table 13. When correctness “of response

@5’ is used -as the %easure of, d1ff1culty, none of the -

Y

8
contrasts is slgn1f1cant at the .05 level., -First- ¢

’

oo
©

.gradi;s‘ ablllty to obta1n correct-answers on each of the

six types of verbal problems is not slgn1f1cant1y | g:'
k¢

Iy / N i §

‘different from the1r abrllty to correctly solve a

-

correspondlng probleg"pres ted in abstract number.

-
sentence context. :When a ility to use an appropriate
° ° D 4 N . 0 -

\‘v

) : - ' ‘ » » ﬁ )
stratedy. is the measure of.difficulty, none of the
s . \ . R , - -

contrasts is significant at the .05 level Hence, there

[}

are ho slgn1f1cant differences in f1rst-graders‘ ability
&

" to apply approgriaie strategies to any of.. the six types

'of verbal addition and subtraction problems and their

.~

number sentence counterparts (,\ 1\

.

s 4,

Thus, verbal and abstract problems were of, equal «

"difficulty for kindergartners,: both*when correctness og -
(>
response wJ! the cﬂiterlon for sub;ects' ab111ty to solve

(
the problems and when use of an appropriate strategy was

" the cr1terlon. L1kew1se, verbal and abstract problems T\\4

e

‘.were of equal d1ff1cu1ty for ﬁirst-graders when each of

A - . -

; the. p d1ng criteria were used. ' < C

Quel.txbn_l s o // o
oo Within each of grades K and 1 aie there

'*\dlfferences betwgen thé st tegies children use to

-
»
3 M »

o . v | ‘ .
:'~ > v . . '5' ’wl;“) W’ "i' ) N
. "‘ ‘ . . .

-




Table 13 s

. Verbal--Abstract Contrasts, Grade 1

_______________ e e e ——-———————— - —————-—— e
Ctiterion Contrast Significance
4 ' @ - .
Correctness%®€l1-7,8 * = =,09 . ns (p>.05)
of Respanse C2-7,8 = -.11"'- : ns
- ~.© C3-9 = -.19 ns
C4-10 - , = =-.07 ° ns
© C5-11 = .04 ns
_ cé6-12: = .02 - ns ‘
7 as-s,d0 - o . s ’
Cl14-19,20 = . ns .
) Cl5-21 = -,04 ns
Cl16-22 = »05 ns
C17-23 = -.07 .'. . ns
918-24 = ~,07- ns
Use of Ccl-7,8 = -,03 . ns
Appropriate C2-7,8 = ~,05 ns
Strategy C3-9 = -.04 © ¢« 'ns
' C4-10 = -.06 **  ns
C5-11 -. = . .04 ns
C6-12 = .02 ? RS P
£ N
N C13-19,20 = -.06 ns ©
v, . C14-19,20 = . .01- ~n8s
o Cl15-21 - .00 - : ns v
Cl6-22 . = -.04 ns
- Cl17-23 L; = =-,02 ns™
. C}8-24 = -.02. ns ‘
) . -
____________ po————c et e ——————————————

. * The numbers in these contrasts refer to the
) problems described in\Jable-r12,.

’ ‘ ¢ - -
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”

solve verbal addition and subtraction problems and .

[

those used for corresponding abstract praoblems?

Data pertinent to this'question“aie’ag;lyzed
descriptiyvely. For eacﬁ’%f.grades‘K and i the strétegies .l
subjects“used on the abstract and the two vérbal addition
ﬁ}oblems are compared. fwr-shbtraetion problems two o

independent descriptivg analyses are pexformed. In each

grade the strategies used on the two (small and lérge'

« 'difference) Separat® problems and .their abstract

[l

counterpar compared and a similar comparison is .

made-for s .egieawﬁsed‘onwthe two.Join/Change -Unkrewn - - -

E ' .
problems and corresponding abstract problems. Percentage

differences less than 15% are considered too ;mall to be

of any.educational significance and are not dealt with in
~ ’
the following presentation of results.

Individual stra%eg'ies are&tegoxjized in six

qualitatively different €lasses: concrete representation ,'
strategies that direcfﬁy model the structure of the

problem, strategies that involve concrete representation

~

but do not reflect the structure-of the problem (Adding’ \\

On uéeﬂﬁon a Separate problem, for. example), counting

reflecting problem structure, counting not reflecting

problem structure (for examplé,‘Couqting Down From for

3+__=9), mental, and inappropriate strategies, The. '

- -

o LR
complete categorization of strategies is given in Table~

8 : L » . R

. .
‘ !‘ - . , v
. ) ' " ~ )
A 18}_ ' r
- ,
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Table.z)\
.- " Strategies Categorized in Six Levels
Strategy Category
' Counting All * CR
- Subitize ’ CR

Counting On From Smaller C

Counting On From Larger C-NRS

“ ’ éeparayé_From . CR for a-b=__
. ) - CR-NRS for_a+__=c-

Separate To ‘ .o " CR-NRS -
’ ‘ . Adding On CR for a+__=c
- ’ ' CR-NRS -for a-b=__
. ’ . A4
Counting Down From C for a-b=__
. C-NRS for a+__=c
- Counting Down To C-NRS
. Counting Up Rrom Given C for a+__=c, -
-°  C-=NRS for a-b=__
NS Derived Fact o M
Number Fact M
r.
‘ Inappropriate Fact I
. ' Ko Attempt SR
BN * Uncodable I if. answer is correct;
: . . . omitted if answer is .
L - i incorrect
i . ; ,
(<] . -
_(centinued)
/ .



Table 14 (continued)

Given Number
Wrong Operation.
Models Both Sets

All Cubes.Used

‘Add On/Given Number ‘ I

-
-l ——— ————— — . - - - - - - -

CR -- Concreéte Representation =
(reflecting problem structure)
3

8§-NRS'-- Concrete Representation

con Not Re(&gcting problem Structure

C -- Countingy
(reflecting problem structure)

C-NRS -- Counting _
Not Reflectihg problem Structure

"M -- Mental
I -- Inappropriate

v

Y
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- ‘w'

14, 1In the following discussion strategies are treated
] - '
individually within. the class of inappropriate

v

strategies. .

Bdditiop problems. Performance on Join and Combine

problems‘is similar enough in both grades to warrant

’

collapsing thé data for these two verbal problems.,
Tables lsfﬁnd 16 presenp the percentage of strategies in
.the preceding levels used on verbal and abstract aéaition
preblems in grades K and 1, ;especfively. At the
kindergarten level the strétegies uséd for probiems in
the two-contexts are similar. Concrete repr{sfntation~
étrategieS*(COuntiﬁg All and Subiti;ing) are prédominant
in both éontexts and éhe frequencies of use of csncrete
representation, counting, and mental«strategiea\fre
nearly the same for the two qpﬁtexts

In grade 1 the abstract préble licited fewer
concrete repigsentation strategies. Even- when
manipnlatives were available f;r abstrécé prpblems_wifh
lsrger numbers, mogs subjects psea‘counting stnaéigie;

than concrete representation. This contrasts with

subjects' less freunht use of counting and more freguent

use of concrete representation on verbal broblems for
" which manigylatives were available. .
. , .

¢ Sug;xag;ign_pxdblgma. Tables i] and 18 present the

percentage of subjects in ‘grades K and 1 employﬁng

!

i
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Table 15

Kinderdartners' Percentage Use of Strategies
on Verbal and Abstract Addition Problems

e T T T L ————

Join and Combine Abstract (a+b=__

Strategy 1
Category . Numbers

Concrete
Representation
Concrete
Representation
Not Reflecting »
Stgucture
. Counting
Counting
Not Reflectlng
Structure
Mental
Inappropriate
Guess . 11
_Given Number 6

wrong . 3
Operation .

~-

e e e e e e e e e e e

* Columns do not sum to 100 because seldom used
strategies are not included. J




Table 16

First-graders' Percentage Use of Strategies
on Verbal and Abstract Addition Problems'

Strategy ’ Larger Small
Category : Numbkrs Numbers Numbers

Concrete
Representation

Concrete
Representation
Not Reflecting
Structure

Counting _. __C
N N

{

Coﬁnting ‘
Not Reflecting
Structure

x

Mental

Inappropriate

Guess -
Given Number

'Wrong .
Operation
P
* Columns do not sum to 100 because seldom-used
strategies are not incladed.
C - Manipulatives (cubes) available
N - No manipulatives available

¢

-

»
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Table 17
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.Kindergartners' Percentage Use of Strategies

on Small Dif ferenc
Subtraction Probl

Separate
Small Difference

Strategy

Category Numbers Numbers

Concrete
Representation

Concrete

Representatjon -
Reflecting

Structure _

Counting

0.
I_‘—/
0

Counting

Not Reflecting
Structyre

_ Mental 22
Inappropriate
Guess

Given Number

Wrong
Operation

e o o e o e e e e o “-

Verbal and Abstract
s Based on a-b=_¢

————— - o - - o - -

Abstract (a-b=__)
Small Difference

Larger

Numbers Numbers

‘.* Columns do not sum té 100 because seldom-used

strategies are not éncluded.

7
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Table 18
. Pirst-graders' ‘Percentage Use of Strategies

on Small Difference Verbal and Abstract
‘Subtraction Problems Based on a-b=__

. Separate Abstract® (a-b=__)
’ . Small Difference -Small Difference
Strategy . Small Larger Small. Larger
Category Numbers Numbers Numbers Numbers
. ¢
Concrete C 44 * 78 41 70
’ ., Representation N 33 33 37 30
Concrete C 0 0 0 0
’ . Representation, N 0 .0 0 .4
. Not Reflecting C. .
Structure
" Counting c 7 - 4 0 15
N 15 % 4 22
Counting C 0 4 0 0
Not Reflecting N 4 7 4 7
Structure '
Mental C 34 4 " 48 7
N 33 11 44 8
Inappropriate ’ ( ' ’ -
' (
Guess |\, cC 0 0 4 4
N 11 7 4 11
’ / .
Wrong Cc 11 \KL 7 4 0.
- Operation N 4 ) 4 0
. - - » . ’ \J

. * Columns do not sum to 00 because seldom-used
- ' strategies are not-Included.
C - Man Ccubes) awailable “

Y : N - No manipﬂiﬂflves available

-

To. ‘ N - |
h ' ’ 18 -
.
- : 3
. »
. . .

N N
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various strategies on small difference Separate problems
and the corresponding‘abstract problem a-b=__. Tables 19

and 20 present similar percentages of use of stratgq}es

~on parallel large difference problems;' From these tables

it is clear H?at'kindergartners used similar strategies

to solve these verbal' and abstract problems. The

. incidence 9f use of strategies that reflected the

?

structure of the problem is similar for verbal and
. Y &

abstract problems. Concrete representation strategies

’ {

reflecting problem structure predominated.
f .
At the first-grade level the strategies employed for

Separate and corresponding abstract.subtraction problems

\§imi1arly reflect the structure of the‘problems.. For . QB
both abstract and‘;égbal pfoblems the concrete \ ¢
representation ada'countin% strategies nPt reflecting
problem structure were either not used o; used rarély;

The strategies émployed'dn small aiffe:ence abstract -and

’

verbal problems were used with similar frequencies. When

" .

manipulatives were available, mental strategies were used

more.often and concrete representation léss often on

lérge'difference abstract problems than on corr;sponding

&

verbal problems.

Tables 21 and 22 présent strategies most fréquently

-

used 'by subjects in grades K and 1 on small difference

Join/Chande .Unknown proplems and the,correséonding
L] ' . .
: : 3

- [ -
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" Table 19
'Kindergartners' Percentage Use of Straéegie5~
on' Large Difference Verbal and Abstract -
~ Subtraction Problems Based on a-b=_
- —— — — T T I P G Y — Y - - - - - - )
Separate Abstract .(a-b=_) , Y
Large Difference _Large Difference - .o
s Strategy Small Larger Small Larger K .
\ Category Numbers Numbers Numbers Number$ -
ittt N *----; ------ . Ao : g
s ” ) - \
\ Concrete 34 * 48 . 38 42 4
\ Representation 7 ' o -
\ B K . )
| Cencrete 0 0 0 0o~ - . s
| Representation . ‘ e . :
. Not Reflecting . . .
., | Structure ’ > -
iCounting 2 e 4 10
\ v i .
Counting < 2 0 0 . ]
ot Reflecting ‘ B
tructure
\ . . . LY ‘.
tal 32 8 20 6
Inappropriate | '
Gless 12 16 16 28
Given Number 6 - 6 8 8 .

2 4 ‘ 2 t .
. * Columns do not sum to 100 because seldom-used -,
strategies are not included. .

. '

— “ -
. ’ ]
L] ’ ‘ »
o 130 - ) .




-Table' 20

First-gradérs' Percentage Use of Strétegies
,- on Large Difference Verbal and Abstract
Subtract{pn Problems Based on a-b=__

' ’ Separate ' Abstract (a-b=__
Large Difference Large Dif ference

. Strategy Larger '
Category Numbers Numbers Numbers

-—— - —— - - ——— - ————————— —— T ———— ——_—— -
S

Concrete 52 * .56 . 26- . %6
Representation 41 .. 22 . .30
Concrete 0 . 0
Representation 0 0

. Not Reflecting
Stracture

Counting

.Cdunting
Not Reflecting
Structure

Hental

Inappropriate

Guess

Wrong
Operation

* Columns do, not sum to 100 because seldom-used
strategies are not included.

C - Manipulatives (cubes) available

N - No .manipulatives available
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Ses - - "TabYe 2 N
& . Kindergartners' Petcentéée Use of Strategies
on Small Dif fedence-.Verbal and Abstract
. . ‘ Missing Addend Problems b
4 ‘ . !;._ _______________ .—;—-.--—;—.:—J——-——ﬁ— P — ‘
g . ' Join/Change Unknewn  Abstract (a+__=c) ¢
N s Small Difference Small Difference '
Ty ————— ————m———————— 7 S -
Stpategy Small ° Larger Small Larger °
v Category Numbets Numbers Numbers : Numbers .
. Concrete 24 * 36 ' 32 32
. Representatlon .
) »'vConcrete ~ -+ 0 0 0 0
" * Representation .
Not: Reflectlng (
stfucture S .
Countlng - - 6 10 8 -~ lo
. Cpuntlng : 0 0 0 0
Mot Reflecting . = - .
= Structure e -
r . .
- Mental | 40 6 14 8
" Inappropriate . ‘ i
® Guess ‘14 . 22 22 18.
. Given Number - 4 .8 4 6
Wrong 10 T 12 14 .12
{" Operation - . , .
| . . " . -»
| ) Add- On/ 0 6 < 4 8
Q % Given Numbe?
» [ . \\ .
; & [oo-oesommmemooo-mes e —mem—iemceoeoeae s
-~ *® Columns do‘not sum'to 100 becduse seldom-used /
strategies are not included.| [ i
-~ - - ’ ‘
. i} ) . [ . ) .
* * . . ' ) )
X S 192 P
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First-graders' Percentagg.llse of Stratgies
on Small.Dif ference Verbal and Abstract
Missing Addend Problems '
. {

J01n/Change Unknown

“ - Small Difference
Strategy ' Small Larger
Category Numbers Numbers
Concrete C 44 * 44
Representation N 11 ° 7
Conerete - .C 0. " 0,
Representation N 0 0
Not ‘Reflecting -
Structure
Counfing c 11 © 22
N 30 33
Counting cC- 0 » 0
Not Reflectingms.N 0 .0
. Structure ° .o
. -
Mental °*- Cc 30 - 11
. N 37 4
Inappropriate
Guess C 0 4
- N 7 ~ 15
Given Number :'C 0 0
N O 11
Wroﬁg c 11 .4
Operation N 4 -7 -

Abstract(a* )
Small DifferencCe

Small Larger

Numbers Numbers :

/‘
15 15 <
15 - 7
0 22
0 0
‘ L
19 41~
19 - 26
-4
0 0
0 0
48 4
45 - 15
4 11
0 33
4 4
0 .0
7 4
15 7 s

* Columns do not. sum to loo'because seldom-uséd

strategies are not included.
C - ‘Mafipulatives (cubgs) available
N - No manipulatives avallable

b

!

: ‘.




o ' ) . s [180]

abstract problem a+__=c. Tables 23 and 24 present
similar percentages of gse of strategies on parallel
large difference problems. As with the pre;ious
subtractién prqblems, it is clear that kinderéartners
used the same strategies to solve these verbal and
abstract missing addend problems. The céncrete
representation and counting strategies used reflgct
.= problem structure in both contexts. ’
o At the first-grade level, except for small
difference abstrgct problems with larger numbers (see
Qable 22), the concrete representation and counting
straéegies us on Join/Change Unknown problém§,and‘
abstrac;;pr léms such gs a+__=c reflect the strucgure of .

{

the problems. .The principal d;fferenpe in the frequencf

with which appropriate strategies were used on phese
( abstract and verbalk missing.addend problems is less use -

w of concrete tepresentation_on abstract than verbal

problems whgn maﬁipulativgs were available. 'ﬁgis
degreased use of”C§ncrete representation wésioffset by
. "increased use of number facts when problems contained
small pgybers and by increased use of counting stragegiqs
wﬁen problems containeg larger numbers. '

Use of thej;rong operation by first-graders is
comparable for problems in the Ewo contexts. Howe?er,

gueésing_occurred more frequently on small difference




L
) [1811 .-
{ /’ .
/ .
Table 23 Lo i =
. Kindergartners' Percentage Use of Strategiés
- on Large Dif ference Verbal and Abstract
Missing Addend Problems .
(| e ecean e e cn oo - - - - - - - - - - - - - - .
Join/Change Unknownr  Abstract(a+._=c)
Large Difference Large Difference -
- Strategy Small/  Larger Small Larger
Category Numbers Numbers Numbers Numbers
Concrete 36 * 34 26 - 30
Representation
Concrete . 2 6 - 2 4
Representation
Not Reflecting’
Structure
”Couﬁiing 6 12 6 4 -
.'
Counting 0 -0 0 0
Not Reflecting .
Structure LA
Mental 12 2 '8 0
Inappropriate & . d ’
° Guess 8 24 12 22
-~ . ] .
\Givén Number 6 12 8 4 ‘ .
Y & virong 14 . 10 22 22
' Operation , i
‘\m\' - .
R © -Add On/ 6 6 6 6
Coa Given Number

-  — . - —————————— = —— - —

*‘Co;umns do not sum to 100 because seldom-used’ .
strategies are not included, ' .




J : | ) Table 24 - .

Ffist-gradefs' Percentage Use of Strategies
on Large Difference Verbal and Abstract
Missing Addend Problems

----- *------------J—-------l------;----—-’--—----------—
///V . ' Join/Change Unknown Abstract (a+__=c)
‘ , o Large Difference Large Difference
Strategy Small  Larger ‘Small Larger
Category Numbers Numbers Numbers Numbers
‘ ----—-----------------------_-.- -----------------------
. Concrete C .48 * 52 22 44
Representation N‘22 ) 7( A1 . 7
Concrete c 4 0 8 11
Representation N 0 . -0 0 0
Not Reflecting T :
Structure
‘Counting c 3 19 11 15
N 15 30 15 26 -
Countin C 0 0 0 0
Not Reflecting N 0 0 4 0
Structure .-
Mental c 30 4 37 7
, . N 30 7 37 11
Inappropriate T RV ‘ \ ’
Guess C 0 4 7
N 4- 19 7. 26
. BN Given Number C 0 0 . 7 4 .
, N 7 4 0. 0.
, ! Wrong. c 7 4 11 4
) Oper ati orf N 15 19 15 15
‘ A ‘--‘J;":‘f‘r"""‘-"f"““;"“““"; ------------ «
: " * Columns- do not sum to 100 because seldom-used

. strategies aré not inclyded.
C - Manipulatives (cubes) available
N - No manipulatives_ available

EBik; ’ . ; 1596
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abskract’missinéeaddend problems #han on small difference
Join/Chahge Unknown efoblems.
Summary. At both grade levels the types of
- . - .

strategies elicited by addition and subtraction problems

.m”cléarly.reflect problém structure for both abstract and

Al

verbal contexts. At the kindergarten level the
frequencies with which Ehese strategies were used are
similar for abstract and verbal addition problems as well
as subtraction problems, For'both addition and oo
subtraction, first-graders display differehces in the
frequencies with whicﬁ certaih strategies were used on
verbal- and abstract proﬁfems. The principal difference
was that concrete representation sometimes occurred legs .
on abstract than verbal problems, usually when
mapipulatives were available. ~Thus, Question 4 can be
answered negatively at the kindergarten level and
affirmatively at the figgt-grade leyel.' |
Question 5 _
Are'kindergar;en and first-grade children's
strategies for solvi;lg ve:‘al or abstract
» © problems different for problems with small
numbers than for prob%ems withllarger numbers? ~
The desériptive'analysis for this question is based

on the data.in Tables 15 through 24 concerning the H

percentage of use of six classes of strategies. At both

4

197

[




(184]

grade levels conorete representation and counting
strategies no reflecting problem strdcture were nsed
1nfrequently enough to preclude the existence of any
mean1ngful differences in the use: of thesefﬁﬁrategles on
small and larger number problems in either the verbal-or
the abstract context. ' VL

The principal diffﬁ&ence in strstegy use on small
~and lerger number problems‘is less frequent use of&mentgl
strategies on larger’number problems than on those with
smaller numbers. For addition problems this differenge y
‘occurred on both abstract and verbal problems in both , ;

For subtraction problems first-graders employed

*

grades.
fewer mental strategles on the larger -number problems in
both contexts, but k1ndergartn3f§'onzz\\\d s0 on large
difference Separate snd small d1fferencjf;o:n7€hange g

Unknown problems.

-

"At the f1rst-grade level the decrease

in mental strategres on larger number problems was often
—_

accompanied by 1ncre3§ed\:3:tof either counting or - .
. oo . .
concrete’ representatlon strategies.

*Por small and large differencé abstract missing

addend problems and large difference Join/Change Unknown’

problems the decrease lﬁ}mental'%tretegies on larger

e .
number problems was 3lso accompanied by an increase ‘in

Thus, primarily at the first-grade level,

D)

-there was a highér incidence of more primitive strategies

guessing.

/ﬂ
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,on largér numbe problems than on those with smaller /

numbers,

Question 6

Do first-graders who use counting strategies
) {

to solve verbal and/or abstract subtractiéﬁ
problems use strategies ;hich mirror problem
structu‘; or-st;étegiég which reflect attention

to the efficiency of alternadive cougting °

;procedures?

Daﬁa for this quéstion'are generated from the - ]-~
strategies used by first- graGErs on the pairs of reléted
subtraction probiggs with small‘and large’ dlfferences,
e.g., 8-6=4 and 8-2=__ or 6+__=8 an?/} 8. Tables 257
and 26 c1a851fy 1nd1v1duals accordlng to thelr strateales
on. the small and large difference abstract and verbal
probfems based on arb=__ and a+__=Cc, respectively.

The most efficient counting strétegieg for théég
prgblemg are Couq}iﬁg Up From Given or Countiné Down To
on the ;pall differenge probieﬁs and Counting Down From
on large difference prbbléﬁs, since these minimizelihe,
number of counts used. fo detgtmine whether indibiduals
used counting strategies that reflected attention_ﬁo the
efficiency of the counting process is is‘necéssafy to
test whether the proporti%ns,oq subﬁects using Cgunting

Up From Given or Counting Down To differ for the large

, . -

J . .

. .19
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g . Tazale 25 ’

S Number of First-grade Subjects Exhibiting Countihg
: Strategies for,Pairs of Abstract and Pairs of
. o, - Verbal Problems Based on a-b=__

.

a) Abstract - smabl numbers

v ' Large Difference Prob1e£~ .
UG, DT DF s Other |
\ B
UG, DT 0 1 0
Small )
leference DF c 0 0 1l
~ Problem
Other 0 4 48
b) Abstract -larger numbers
Large Di.fference Problem J
) UG, DT DF . OEPer
- + | uve,pr | 1 A 0 :
Small -
Difference DF . 0o . _ 7 3
Rroblem
. / ) Other 0 5 37
/. T~ f '

(continued)
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Table 25 (continued)

ClL Separate - small humbers

- ' Large Difference Problem
. ‘1 ue,pT DF Other
UG, DT 0 i 1
Small - — ‘
Difference DF 0 . 3 3‘_l ’
Problem - - -,
Other | 0 3 44 '
» P - v

d) Sepérate -1argef numbers

A

Large Difference Problem

" < UG, DT DF Other
‘» rg Y — \
\ UG, DT d L2 1 ‘ ‘
Small - .
Difference DF - 0. 6 1 )
Problem )
Other - 0 8 36
s

‘ ) i
UG,DT - Counting Up From Given or Counting Down To

DF - Counting Down From

Other - Any strategy other than UG,DT or DF:

-
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Table 26
A .
Number of First-grade Subjects Exhibiting Cdunting (
Strategie$ for Pairs of Abstract and Pairs of . :
Verbal Problems Based on,a+__=cC.
. ‘ s
> a) Abstract - small numbers ' 4 -
. Large Difference Problem
UG, DT DF_ Other
. i . UG, DT 5 - 1 4T .
_Small : f . ¢
Difference DF . 0 0 0 -
Problem p
Other 2 | o 42 _
gT‘Abstract - largerlnumbers
- " Large Difference Problem
3
UG, DT DF Other
UG, DT 8 0 10 ;
Small —— :
"Difference /DP A 0 0 0 -
Problem, - ' .o
O;her 3 0 33
vy - ); AN g
\
(continued)
) 2




-

c) Separéte - small numbers

s

4

Large Difference irob;em

) UG, DT DF . Other -
o UG, DT a4’ 0 7
Small-
Difference DF 0 0 0
Problem ° X
Other 1 0~ 42

d) Separate -

larger numbers

La;ge Difference Problem

UG, DT DF Othe§h
L UG, DT 8 0 - 7
Small
Difference DF 0 0 0
Problem
Other 5 0 34

DF - Counting Down From

Other -.Any strateqgy other than
*

)

UG, DT or DF

UG,DT - Counting Up From Given or Counting Down To

V'

- .[189]
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L4

- and:small difference problems, Likewise, it is necessary

. ¢

. , . : ¢
to determine whether -the propertions of subjects’using

Countirig Down From differ on large difference and small

~

difference'prob}ems; Sincé 3 X ?'taﬁ}es are invgivgd,
' the appropriatf test is tpe Stuart test for-the equality
of correla;gd marginal’probébilipies‘(Marascuiio an?
McSwgeney,'iQ??!i . '
Since the Stuart ‘test is perfp}med'for eight

'contingency tables, the level of significance phosen is,

.01. Thig‘ensures that an overall level less, than :10 is"

¢

L d ‘ \ T '
maintained aCt®ss use ©f this tgst. The critical value .

-

for significance of the contrasts involving the'
diﬁfereanF in proportions of strategy use orf small and .
large difference problems is 2.447.

Table 27 giveé the value of the two contrasts .of
interest for each of the contingency tables; For .

problems baéed on atb=__ and for €hose based on $+__éb,

v

the proportions of use of Counting Up From Given and
L4

,Counting~Dan To on small and ldrge difference probléhs

’
N

‘do not differ significantly for abstract or for verbal

L}

problemé with small and larger numbers. Likewise, no
W\ ) ' .

differences in the proportions of 'use of Counting Down

From on small and large difference problems occur under -

1‘:.any‘of the conditions, Thus, although older children may

.do so, there is no'evidence that first-graders base their

. 4%
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. - ' N ‘Table 27 '
R _ v .
' Contrasts Invdlvi rst-graders' Counting Strategles /
" for Two Types of Subtractlon Problems ¢
v / "
- ‘ Source - 2 o ' Contrast . Significance. : .
A LT TTTITTTTTTTTTT ORI TTTTUTTTTTR D R
[ 4 o . , - .
. : Table 25 a) . *Cl= ,019°" " ns (p>.01) r,
T s - C2 = -,074 ns - '
-7 I o . . ot
I i ’; '.:& - s b) N Cl = -‘0\18 ns ' - .
LFE T RN C2 = -.856 . . ns : - -
s ) '“%w ) s « “* s ) ' ! 'y
) o). +.Cl = .019 as " . - :
, C2p,= .000 ns . _ T,
e, . é) Cl = .056 ° ns = - ‘ .
§ S - . C2 = -.166  ns ' K ‘
. - " )
. < ] '
: - Table 26 a) . Cl = .055 ns
ﬂ - . - C2 = -.01.3 ' ns
L7 . b) cl= .129. 'ns ,
¢ . hl 'Cz = -000 n§ - ¢ ‘ /
o c) Cl = .111 ns )
c2 = ,000 ns
_ . d) Cl'= .037 = ns
’ e *Cl= p.1l-pl. .= P(UG DT used for small foerence problem) -
. .-P(UG,DT used for' large ‘difference problem)
A A o ' Lo N .
C2= p.2-p2. = P(DF used for 'small difference problem) .
- *-P(DF;A\'Jsed for iarge'differénce problem)‘
) L R - . -
: > ¢
PRSI - \\ —_— —_
5 . .
} o 205 : \
A . o~ & »;’"‘v‘ P
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.
coubting st?at;gies on the effic%fncy of the counting
protess. .

Inspection’ of Tables 25 and 26 indicates that \;
shbjects who used counting strategies for both small anq
large differencéﬁproblems nearly always usedrCounting
Down From for boxh problems based on a-b=__. Counting Up

-

From Given was nearly always used for both problems based

on, a+__=c. This, indicates that counting strategies

mirrored the semantic structure of the subtraction

problems regardless of the\size of the difference between

\
the numbers. .

Differences in Performance in. Grades K and 1
Question 7 \ -4 ' )
Are there differences in the level of

]

"abstraction -of kindergartners' and first-

‘graders' strategies? [

The ¢escrip€ive analysis for this question is based
on a comparison of Eindergartners' and first graders'
frequency of use of strategies categorized within

. <
qualitatively, different and increasingly abstract

strategy,levels: inappropriate, concrete representation,

- counting, and mental. -Table 28 presents the pe;centage

of total strategies in each of these strategy levels for

the two grades. Since the use of concrete representation

N ’ !
strategies could be influenced by the presence of.

o

LY

206 - .



. Table 28

=

Use of Four Categories of Strategies as
Percent of Total Strategy Use

(1931

—— - ———————— - . ——— - —————— . - - -—

Strategy Category
Inappro- Concrete Counting "Mental"

priate Represen-

tation
. . Grade
Problem Type K 1* K 1 K . 1.
Join 27 8 46 52 7 20
Combine 22, 6 56 54 11 17.

Abstract (a+b=__) 27 6 51 23 7 38

Separate 37 13 47 61 l .. 8
(small difference) .

Abstract (a-b=__, 47 8 31 56 1 8
small differenlde)

Separate 35 .13 41 54 i 17
(large difference) N

Abstract (a-b=__, 40 1f\~§}b 41 7 4
large difference)

Join/Change Unknoyn 39 19 30 44 8 17
(small difference)

‘Abstract (a¢_=c, 48 19 32 26 9 °30

small difference)
< .

Join/Change Upknown 50 20 39 52 4 11

(large difference)

Abstract (a+__s=c, 60 23 31 43 5 13
large difference)

20

13

© 23

28

15 -

45

21

* First-giade subjects with manipulatives availab

&

le
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manipulatives, the grade K data are compared only to the

data from first-graders who had objects available.

L%

[ - L3 - ’
The incidence of use of the more  abstract CObnting

and mental strategies was - higher for grade 1 than grade
K. The differences between grade K and grade 1 in the

percentage of’ total strategies falling 1nto the concrete

Ld

representa!!on category are mixed; on some items first-

graders used concrete’ representation more than

.

kindergartners, and“in others the percentages are nearly

‘equal. This is primarily a result of first-graders' use

of fewer 1nappropriate-strategies. First-graders used

'concrete representation much less frequently than\g

kindergartners did only‘on abstract addition problems. -

For most problems,,a greater percentage of first~

a

graderé' than kindergartners' strategies con81sts of the

b

~more-abstract counting,aﬂa‘mental strategies. At the

[

kindergarten level ptrategie§—are primarily inapprggriate
os-cohcretely. ased, and at’the first-grade {evei they
are concrefely-based or more abstract. Tﬁus,.onestion:7
can be answered affirmathely. '
Question 8 S .
Are there differences in the flexibilit&
with which kind?rgartnens and first-graders

choose ampng alternative strategies reflecting

'. and notﬂreflectfng problem stricture?

L}
. R &
H

. 208




. number sizes and identical underlying number sentences

. o (1951 .
" The ‘data in Tables 15 through 24 indicate that other
than on 1Eaition problems at the first-grade level,.
. \ f

n both grades seldom used cohcpete

children

14

- ;ebqesentation and counting stra;egieé not reflecting

problem structure. Espéci;lly'oq subtraction problems

such strategies were used so seldomly as to preclude
. .

[ S, . R
drawing any meaningful conclusions about différences
between subjects in the two grades. Furthermore, when

-

subjects‘ strategiés for pairs Qf problems with iaediicali

)

"(q%g;, small and large difference Separate problems).are

. / . . ) . ‘ . a N . e
examined, it is evident that the most common occursenCe

: , % . -
on such pairs of prablems is the use of strategies from

thé same category (e.g., both Mental or both concrete
reprgseqtatfon reflecting problem §£ructdré). Oﬁ only 2%
;f the 600- such pairs of problems at the kindergarten
level and 4% of the 648 paiis of problems at the first-
grade {evelldid éhbjects use’ one co?crete representation’
or codunting strategy directly reflecting problem
structure and one not reflécting problem structuré. Due

to such limited occurrences, Question 8 must‘be,éﬁswered

L]
L4

ne%Etively.
Questiop 9 . : (

v

Are kindergartners' errors of inter-

pretation qualitafively different from' those

7
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exhibited by first-graders?

Data for this question are analyzed descriptively.

”

~

With one exéeption, the errors of interpretation

exhib#ted by the kindergartners are the same as ‘those .

. ) ) exhibited\by the first-graders. Use of a correct but

r

. inappropriate number fact is the only error that occurred , -
L4 ' , ‘ ' ]
, exclusively at thé kindergarten level. ,
Q!ef&ign_lQ . ’ C .

Do vardous types of errors in solving

addition and subtraction problems occur with

-

differing relative frequencies for kinder-

* garten and first-grade childrén?

’ The description of érrors includes a discussion of

_ several errols of interpretation &hat a£9~alsé considered
rnéppropriate strategies and were discussed to some _

éxtent in previous queéfions; The breséﬁf discussion .

" focuses on comparing the ocufreqce of these errors
(strategies) for the two gragde levels. Table 29 gives
thé f;quency of errogs at the two grade levels on verbal -
and abstract problems. These frequenci?s are'compared
for problems with small numbers and for problems with
larger numbers. Thus, the comparison between érades is

-

. based on, pf’lems with different number sizes.

Procedural Errors. The frequency of occurrence of

broéedural errors in grades K and 1 varies depending on

210
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~ Table 29 *

Frequency of_ Errors

Larger
Numbers .Numbers Numbers

PROCEDURAL ERRORS
Miscoupt
Forget

Incorrect
Fact .

ERRORS OF

INTERPRETATION

Superficial
Guess 33 12 51

Given Number 19 2 18
Inappropriate

Fact 1
No Attempt 4

. Wrong Operatiop 15
Incorrect
Modeling
Model Both
Sets

All Cubes
Used

Identification
of Apswer

Add On/

Given Number ’

Ten Fingers
Configuration” 0

* Total Responses: Grade K -- 1200 (N=50)
Grade 1 -- 1296 (N=54)

.
s
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the type of error. Miscpunting occurred more freqdently '
L S

at the f1rst grade level. This is undoubtedly due to
. f1rst -graders' more frequent use of strategies involving
countlng aﬂg the 1nc1u51on of problems with larger
.humbers which offer more opportunities to miscount. At
each grade .level miscounting occurred morelfrequently on’
proﬁlems withﬁlerger Jhumbers., - Torgett1ng the problem

data occurred less frequently among first-grade subjects.

‘Use of an incorrect number- fact occurred twice as often

among first-graders as kindergartners, but again, this
was likely due to first-graders' more frequent use, of

number facts, . ¢
' ]

Errors of interpretation. Four categories of
interpretation errors are used. Superficial errors
;nclude guessing, respondinp with a number given in the
;problem, 3se of an inappropriate qumber fact, and making.
-n0 attempt to solve the probleﬁ. Use of the wrong
operation comprises a second category, and two types of -
incorrect modeling, modeling both sets in subtraction and
attempting to use all available manipu;\t}ves, comprise a

hird categoﬁx\gf interpretation errors.(\chorrect
' j/tdent1ficatlon of‘the answer set is the fe}rth tategory, -
and 1nc1udes the error inﬁ??iht 1n\the adq,0n/Given
Number strategy, errors involving the final conflgqrat}on

of mawipulatives or fingers, and the errors caused by

'212“.. . .8
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limitation to ten f1ngers."
Superficial errors of interpretation occurred less
- ~ frequently: at the first grade level than at:the

. - kindergarten level. Overall:

guessrﬂg was used less than
half as often by first-graders than kindgrgartners, but
. ‘ when;first-grao subjects are CIaseified according to.
those. with and ﬁithout manipul?tiveé available, there are
marked differences in the frequenc} of guessiog. Those
first-graders w%th ménipciatives available guessed about
, one-tenth as often as the kindergartners, but the first-
:graders who had no manipulatives guessed more than half

as often.as the k1nde§garten subjects. Responding w1th a

number given in the problem bccirred about one-fourth as,
often among first-grade subjects as among kindérdartners.
The Inappropriate Fact error occurred only at the

v ) )
kindergarten‘level. Making no attempt to" solve the
/; 9612; occurred with approximately equal frequency in

L ——

the two grades, but when subjects are again c1ass1f1ed by

- ‘the ava11ab111ty of manipulat1ves, mak1ng no attempt
occurred only once when objelf¥s were’ ava11ab1e but th1rty

-eight times when no objects were available.

Thus, if

the kindergarten subjects are compared with the first-
h ‘

;?§ders who had objects available, no attempt occurred
much lesdfs freqaentli‘atntbe'firstqgréde level. 1In

) contrast, the 27 first-graders/who had no objects

¢

»
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1

available made no attempt®to solve the problem about

three times as often per subject as the kindergartners

" who did have, objects available.

In contpast to superficial errors, which involye a

!
operation (an $Rgorrect interpretation of the problem)

lack of interpretation of the, proMlem, use of the wrong

occurred only Flightly less often at the first-grade

level. In both grades this error gccurred most often on

verbal and abstract missing ad@endiproblems; .
Incorrect modeling errors, wﬁ;ah involve ipcorréct

representation, of the problem, occurred {nfrequently at
L[4

v
each grade level. First-graders seldom modeled both sets

~

on pubtraction}problems, and few subjects in either grade

attempted to use all of ;Eg/availaﬁle manipulafives

Al

(aléhough one aberrant first—géader used this étrategy'on

7

twelve' probtems). . ' .
Results of the compa}ison of identification of the
answer erroré across the ‘two grades are mixed. The Add

On/Given Number .error occurred much less frequently among

-

first-graders, but due~to larger numbers being used in
the figst-grade problems, the Ten Fingers error occurred

more frequently in grade one. .Eriors based on the final

econfiguration of objects or fingers occurred infrequently
, ]

f,

in both grades..

Summary. Although procedural errors occurred

H

»
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frequently'in nbth graaes, there are differences in the
fréguency nf forgetting the probiem data and miscounting
across the two grades. On errors of interpretatdon there
are greater differences between kindergartners and first-
graders. Many nt the errors of interpretation occurred
less ftequently*among;the first-drade subjects than among
the kindefgartnérs. First-graders falled to 1nterpret
probleems. (used superficial solutlons) less than the

kindergarten subjects did, ‘and they seldom incorrectly

" modeled the subtraction problems of the form a-b=__,

However, fitst-graders incorrectly interpréated problems-
lused tha,wrong operation) and,cdnnitted errors involving
1dent1f1cdt1on of the answer set nearly as frequently as
kindergartners. In contrast to, the klndergarten
subj;cts, the first-graders were willing »to attempt toé
solve ;irtually all of the problgms i ‘manipulatives were
ayailable. When no objects we avgilablg, howevér,‘

first-graders made no atténpt to;solve,problgps more
[

*.often than the kindergqétners'(all of whom had objects

£

available). . . )
. - -

-

Althodgh some types of errors occurred réf%tively
infrequently ovexall, the pumber of subjects exhibiting
thone étrors is often substantial. For example,, use of
the wrong opetatioh occurred on 1e§s than seven percent

of ®he total responses at the kindexgarten level, yet 52%

N (
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of the'kindergarten subjects used the wrong operatioh on

. C D)
at least one problem. Less than five percent of the

first-grade responses involved'use of the wrong

»

operation, but 35% of the first-graders used thelwrong

- . ¢ !
operation at least once. The percentage of subject#
expibitihg'modeling errors at least once declines across
the two grade levels, with only 4% of the‘;irst-grqgers

as compared to 18% of the kindergartners exhibiting such

errors. The number of subjects who experienced
L \

difficulty in .identification of the answer set is near}y
the same for the two grades (30% in grade K aﬁd 28% in

grade 1). Thus, just as most errors occurred less

i

frequently at the first-grade level, the number of

subjects exhibiting those errors also is lower at the

first-grade level. ‘ - j

i

Indivigdual Differences in-Solutiop Processes
Q I 3 -
What individual differences occur am63§=,__,~

<

kindergarten and first-grade children i speir

verbal and ab

d ability to solve,and their strategies for sblving

tract addition and spbtraétion
problems, i.e., witﬁiﬁhéach grade ‘level can
interpretable clusters of children be formed
accordin}‘to the types of problems they can

solve and the types of strategies théy employ?

216
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Four cluster analyses are used to group subjects
within each ®f the .two grade leve{s on two dimensions,
the types of prob%ems they could solve and thg sgrategies"
they used. 1In order to cluster subjects by the types of

problems they could solve (as measured by use of an

approPriate strategy), it is necessary to determine the

'
fregency with which each subject used appropriate

strategies on six types-of problems. 'Appendix H gives
these frequencies for verbal addition problems, verbal
subtraction problems based on a - b=__, verbal

. v

subtraction problemé based on a+__=c, abstract addition

probiems, abstract subtraction problems based:on a-b=__,
and abstract subtraction problems based on a+__=c. éince
therg are two problgms of each type within each of_the
two number size levels, e;ch subject's frequency of use
of an appropriate strategy on a given problem type can

range from 0 through 4. ' r

Appendix I gives the frequency with which each
subjec£ used various soluFion strategies ééross-the
verbal and abstract problems. Since kinéergartners used
some counting and concrete representation strategies
infrequently, the original set of nineteen strategies is
collapsed ts fifteen by combining the frequencies for

Counting All and Subitizing; Counting From Smaller and

Counting From Larger; Counting Up From Given, Counting

» ‘ \
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' Down From, end Counting Down To; and Number Fact and
' Derived Fact. Flrst-graders' strategies’are similarly. .
_ eollapsea Each.sub]ect solued t;enty four problems, 50 7.
the frequenc1es in Appendix I can range from 0 to 24. o T ‘
Tﬂe data in Appendices H and I are the basis for the -
clusterrugs of sub]ects on the dlmenslons involving the -
types of strategles they used and the tyées of problems
on which they used 3an approprlate strategy. Complete
link hierarchlcal,clustering was performed'using the
-~ Clustering Research Program (Baker, Note 22). The
similarity measure for a éqir of ‘subjects was the sum of
- the squares ef differences d% standardized scores over
problem types in thelone analysis, and over strategy o
types in -the other. Elbows in tpe graph of the diameters
(differencdg in similarity values-for the grouping) at
* each level of clustering were used to determine the R
. - iteration at which to i;terpret the clustering. o
. When kindergarten subjects.are clustered by strategy
-use, five- clusters of subjects are formed. Table‘30 , ‘ -
11sts the SUbJeCtS included in each cluster. Cluster Ksi \;
includes five sub]ects who frequeptly used counting and
; - mental strategies. Cluster KS2 ihcludes;subjects who . //
| often atteﬁpted to usé mental strategies and/or guessing

e =
. to solve the‘problems. The more frequent incidence of °

)q

inappropriate strategies distinguishes this cluster from

215
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Clusterings of Kindergarten Subjects

) .. Cluster Subjects -

e ———— e m el e — e —————————— T ——————————————

. Clustering by Types of étrategieé Used

- KS1 (1, 17, 18, 36, 40 ) °

i KS2 ("3, 44, 35, 7, 12, 26, 23, 48, 42, 38, 46 )

KS3 ( 2,-43, 6, 32, 45, 30, 47, 15, 24, 21,

- \ 28' 37' 8"5' 49' 50' 19' 16' 20' 31, 25'
13, 22, 4, 29, 41, 9, 11, 14, 39)
?

KS4 . ( 34) | | .

v " RSs {10, 27) - ’ °

Clusterlng by Use of Appropriate Stnategles on Sik
¢ ° Types of Problems ] .

KAl (1, 4; 9, 2, 32, 36, -43, 18, 24, 28, 45
-, 40, 6,50, 15, 21, 47,37, 25 )
Y ( 5,30, 39, 14, 49 ) £
. KA (8, 11, 31 )
KA - ( 29, 33 )

\ KAS (“16, 17, 41, 20)

. KA6 (3, 48) ' . B
o ( 23) ” ’ ]
) (7, 38, 35, 46, -12, 44, 42 ) -

T (26, 27 )°

R T 10, 22), g

: ¢ ( 13 r9, 34 ). L \
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KSl. Subjects in cluster KS3 comprise the bulk of the
kindergarten sample (31 subjecté). This cluster is

distingid¥shed by its frequent use of concrete ¢

’

Separatinb From, and Adding On. - Cluster KS4 consists of,

» '

"one subject who frequently made no attemp; to solve the

probiem and cluster KS5 consists of  two subjects)whose
strategies included concrete representation and making no

aétempt. Thé/;nalysis, therefore, yields three main
/

clusters: subjects (KS3) who relied on concrete e

epresentation strategies and posgibly\usgﬁ,a“nnmbéh of

inappropriate strategies, subjects who used more abstract
<% . . )
‘counting and mental strategies (KS1), and the subjects 1n
KS2 who astempted to solve  problems abstractiy (often

..
unsuccessfully).

The clustering of kindergartners along the dimension
]

of proggem types on wh§ch appropriate strategies were
used yields the eleven clusters in Table 30. Cluster KA]
includes subjects who solved (used an appropriate’
sgrategy on) nearly ail‘problems; Subjects in KA2 solved
nearly all'broblems except thg abgtract Q}ssing addend
problems. KA3 subjects experienced éifficui%y primafily

on abstract additon and, abstract misé\ng addend probléms.
Y .

“Cluster. KA4 iﬁéluaes'subjects whose -primary difficutly

occurred on Separate problems. Subjects in KAS sdaged

220




[207]

.

g
verbal problems and abstract addition ﬁtbblems, but few

¢ '

others. KA6 includes subjects who sol&ea\some verbal
prgblems but few or no abstract problems A-single ,
subject who succeeded only on Separate pjzblems comﬁrises‘
cluster KA7. KA8 consists of seven subjects who ‘used

few, if any, appropn{éte strategies. The subjects in

cluster KA9 solved no verbal problems but a few abstract

prgblems. KAlO includes twg subjects who solved only
addition problems (verbal and abstract). The £indl "
uster, KAil, includes subjects who did not solve
missing addend probleﬁs in either context. '
Clusters KS3 and KAl each.represent substantial
portioné of the kindergarten sample. Comparison of thé
membership across clusters can be used to further
distinguish among the membership of the 'large clusters in
either dimension. For example, the subjects of cluster
KS3, who primarily used concrete representation
strategies, are members of seven of tﬁzlcategories of the
other clustering (all but KA6, KA7, KA8, and KAY9).
Similarly, the members of KAl, who used appropriate
strategies on nearly all problems, are split among
clusters KS1 and KS83. Thus,-a large number of squects
who are homogeneous in terms of the strategies they used d

differ widely in lhe types‘of problems on which they used
approptt{§;7strategfes. Siﬁilarlyf a large group of

-
+
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subjecté who appear homogeneous in terms of the problems

they gould éolve; can- be discriminated among by the types

5

of strategies they used.
The clué}tering of first__—qrad‘ccording to the
strategies.they used yig‘ps twelve clusters. Table 31

{

lists the subjects included in €ach cluster. Cluster £S5l

~ includes éubﬁects»whb used concrete representation
“strategies, some gdﬁdtiﬁg strategies, number facts, and

only a few inappropriate strategies. The second cluster,

FS2,. is somewhat similar to the first, with subjects

employing ‘concrete répresenfatioﬁ, using number facts,
— .
and‘exhibiéing counting strategies ‘primarily on addition

LY

problems. . Cluster FS3 includes four subjects who made no

_ attempt onlépptoximately one-fourth of the problem,”

usua1l<}:hose with Targer numbers, and often attempted to

recall mbet facts. This cluster used some concrete

representatibn strategies and often guessed or used other
inéppropriaﬁe_strategies. PS4 consisted of a single

subject who Used Counting All, guessed, and made no

‘attempt to solve nine of the problems. Cluster FS5 is

“»

charac&er{zbd by a-hidh incidence of guessing. When not
guessihg, the three subjgg;s in FS5 used different
strategies, one using primar11y concrete representation,

anothet using concrete teptesentation and mental

strategies, and the other using counting and mental

N ‘. * - ‘

.
. \
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' Clusterings o™ First-grade Subjects

Cluster Subjects |

s G G - G G e T T D G S D G N D G D D G G D S TI G D P D D G D D G D SE G S SN D D S D G G -
- -

- Clustering by Types of Strategies Used

FS1 (1, 53, 51, 37, 38, 47, 7, 16, 3, 8, 12, 28)
FS2 ('22, 36, 41 ) :
FS3 (5,11, 48, 42) ‘
. e
FS4 ( 39 )
FS5 ( 6, 43, 44 )
FS6. (.2, 50, 52,.20, 49, 30, 35, 46, 10, 19)
FS7 ( 17, 23, 24, 25.)
FS8 ( 4,.14)
FS9 (9, 33, 34, 40 )

FS10 ( 13, 54, 15, 21, 26; 27, 31, 29 )
FS11 ( 18, 45
FS12 - ( 32)

[

Clustering by Usef of Appropriate Strategies on Six

. Types of Problems

%

. FAL ' (1,2, 3)\10, 12, 19, 21, 46, 47, 50
) 52, 53, 54, ¥y, 7, 8, 22, 15, 36, 35
/ 13' 20' 49' 5 24' 38' 31, 33' 34' 40

S

9, 29, 16, 28,'30, 37, 26, 23, 27, 45 ).

FA2 (-4, 14, 17 )
FA3 (5, 18,725, 42 )
FA4 (6, 11, 48)
FAS ( 32, 44, 39)

FA6 ( 43 ) o

T —— — T G - G T T P G G D D M D i G G e I S G D D D Y G D D D D Sm S S G T i G D D P D S - = - -
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strategies. Cluster FS6 includes'%pn subjects wﬁ%
recalied number facts as their primary strategy, who used-
counting strategies on both addition and subtraction
problems and qlso'used ﬂumber factg, or who useq number
facts along with some counting and concrete
representation strategies. Tﬂ; subjects in cluster FS7.
\each used geverafpuncodable’strategies. Their other
étrategies were less homogeneousg, with one using concrete
rgpreseﬁtation, cédnting, and'mental strétegifﬁb,zﬂb
using counting and mental strategies, and another using
pr;marily;mental strateéies. - Subjects in cluster FS8 are
distinguished by their use of the wrong operation on
nearly half of the problems. The four subjects in
cluster PS9 primarily used. counting strategies for the
addition problems, concrete representation for
subtraction problems-ef the~form.a-b-__, and concrete
representation or counting aﬁa inappropriate strateéies
for problems based on a+__=cC. Prequeﬁt use of cbunting
§txategies characterizeé fhe eight subjects in cluster
FS10. The two subjects in cluster FSll.béten used
guessing and responding(with a number ¢iven in the.

problem when problems involved larger numbers. One

.subject who ffequently used incorrect modelfng proceddreg

(the All Cubes Used and Model Both Sets strategies)

comprises cluster FS12.

| 224 A
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When first-graders are clustered acéordiné to the
frequency with which they applied appropriate strategies
“to different types o§ problems, the six.clusters in Table
31 are formed. Cluster FAl conéists of forty of thé
,fifty;four first-grade subjects. [This large cluster
includes subjects whé used ;ppropr}ate straéégies on ;ll

problems, some who usgd an occasional inappropriaté
'§Erategy, gna some who used fewer appropriate.strategies
on missing addend prloblems than on the other pr‘oble.. '
The subjects in cluster FA2 were able to solve all
addition problems, abstract ‘problems based on a-b=__ but
not the Sepa{ate problems, and some dr'none of the
missing addend probfems. Cluster FA3 Eoﬂ%ains subjects
who solved all problems based on a-b=__, some of the

addition problems, and only a few of the missing addend

problems. Use of .appropriate strategies only on about

4
half of the problems distinguishes cluster FA4., The

subjects in cluster FAS solved 'some abstract problems but
seldom solved verbal problems. The final cluster, FA6,
contaiqs one subject who could solve vérbal but ;ot
ébstract problems.

When the memberships of the two first-grade,

clusterings are «compared the results match, in part, the
same comparison at the kindergarten level. Subjects in

the large cluster, FAl, who are homogeneous in terms of

?




) L [212]

T ‘ using appropriate strategies for all él'néarly all
problems, are hatérogeneoué in terms of the_strategies
they used.  These subjects fallqinto seven clusters on
the dimension of strategies used. ,Howéver,,among‘the
subjects in the large clusters (FSl, FS6, and FS10) who
are somewfat homogeneous in terms of strategy use, there
is no heterogeneity of problem types to which appropriate
strategies were applied. All subjects from clusters FS1,
FS6, and FS10 are members of clugter FAl. This contrasts
'with the clusterings at the kindefgarten level .in which a
I | large group o§ subjec/ts who are homogeneous on strategy .
use are‘heterogeneous,according to the problem types they
could solve. - ’
"~ SummaAry

" Verbal and abstract problems were of equal

/

~ difficulty for subjects in both grades. Although
kindef?ar;gers used essentially the.same strategieé to
solve verbal and abstract problems, K first-graders ‘
.exhibited less freqﬁent use of concrete representation
strategies on abstract than verbal Problems. In both
grades the strategies used for subtraction problems
closelg reflected problem structyre in both contexts.
First-graders' strategies e&tailed a greater degree

of_abstraction than those of kinder&artners, however,

there were no differences in the flexibility with which

- -
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Subjeﬁts in the two gradeé used strategies reflecting and
P

not reflectiné problem stricture, Subjects in the two

grades committed essentially the same types of errors,

"\'KL

although the frequency of_occurrencg of most errors was
lower at the first-grade level. At both grade levels
there were a variety of indiviauai differences in the
types of stratégies’subﬁgcts used and'the types of

problems they .could solve,
R i) -
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Chapte; \'
DISCUSSION- -
The purpose of this study wag to describe and
compare kindergaften and first-grade children's
strategies for solving certain addition and subtraction -
problems. The questions of interest focused on
differénces between children's pegformance on problems
presented in abstract and verbal problém contexts,
differences between the performanée of kindergartners aqg
first-graders on such problems, and individual
differences in the addition and sgbtraction problem
solving performance of children at these two, grade
levels. The verbal problems used in the study were Join
and Combine addition problems and;Separate and
Join/Changé Unknown §ubtraction péoblemé. The
corresponding abstract problems were of the formk a+b=__,
a-b-__, and a+__=¢., Much of the énalysis of the data
from the study was degcriptive,gng was iptended'to

provide a basis for better underqéanding the solution
processes children use on addition and subtraction °
pMblems. r

This chapter interprets specific results of the
study and hses those results to,csaracterize children's
performance in somewhat broader tgrms. The chapter

presents instructional implicatiohs of the results as )

¥
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well as implications for future research. _The
limitations of the study are also discussed; these sérve
to qualify the interp;etqtion of the results as well as
to provide a basis for fuiure research directions.
- Interpretation of Results

Discussion of the results of the study is done in,
two parts. The results pertaining to kindergarten ang -
fi;st‘grade children's ability to solve abstract and
verbal problems are discussed first. This is followed by
iﬁterpretation of thg results concerning children's .
solution processes. . . _ '
Children's Ability to Solve Abstract and Verbal Problems
A The results clearly indicate that many kindergarten
children as well as first-graders can solve verbal and
abstract'brobléms based on a+b=__, a-b=__, and a+__=c.
At both grade levels addition problems (both verbal and
abstréct) were the easiest for children to solve. Three
of the four subtraction problem types were roughly
comparable in difficulty, with the exception being that
missing addend problems with the difference greater than
the given addend were more dif{}cult than the others.

By clustering subjects according to the problem
types they ézuld solve, the p{gsent stddy extends the

results of previous studies concerned with item.

difficulty. Although in nearly all cases a majority of

r ' |
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1

tﬁe kindergartners.applied appropriate strategies to each’l
problem type, individd;1 subjects varied as to the
problems they could solve. Some kindergartners could
solve only addition problems (both verbal and abstract);
some could solve addition problems and the spbtraction
problems based on a-b=__; some could solve addition
problems, subtraction problems based on a-b=_;, and
verbal missing addend problems; some cogld solve only
verbal additior problems, the subtraction problems based
on a~-b=__, and only verbal missing addend problems; some
could solve all types; and a few.could solve only the
Separate problems or all-but the Separate ﬁroble@s._ The
distinctions among first-graders according to the'problem
types solved are less numerous, possibly réflecting the
influence of instruction on some of the érobiems. Iﬂ
addition to the first-graders who, could solve all thq\’
problem types, one group of subjects solved addition
problems, abstract put not the verbal problems pased on a
-b=__, and only a few missing addend problems; and -
another group solved all problems based on a-b=__, some
addition problems, and few missing addend problems.

The preceding resulFs suggest thatichildren within
each of these grade lévelq are in no way homogeneous in
terms of the types of problemg they can solve. It is

important for teachers and 9G;riculum developers to

' R 12;}0 . . »
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recognize that all of the problems used in this study are
~readily solvable by many children in grades K and 1.
They must albo be aware of the differences among ’

. ]
individuals; the types of problems a kindergartner can

solve may vary greatly, while?somewhat less variability
may be present at the fiyst-grade level. - Teachers should
take advéhtage of opportunities to individually assess
their studepts' ability to solve a variety of addition
and subtraction éroblems.

Previous studies have provided little data’ pertinent
to comparing children's performance on verbél problems
and corresponding abstract or symbolic problems.' Verbal
problems are often thought to be more difficult than
abstrach[proﬁiems. However, an’important result of the
present study is that kindergarten and first-grade
children are abfe to solve ueréal problems just as easily
as ébstfact problems. With;ut direct instruction on.
eithe} abstract or verbal probléms, more than half of the
kindergarters were able tb apply appropriate strategies
on nearly all problem types. Also, without instruction
on verbal problems, between 60 and 95% of the first-
graders applied appropriate strategies to these problems,

Thus, at these grade levels, verbal addition and

subtraction problems (in which the child is not required

to read the problem) cannot be consiqéred too difficult




.study indicate éhat first-graders who have had

u///#——>
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to be included in the curriculum.

/
The lack of differences in difficulty between verbal

and abstract problems suggests. that verbal problems are a
ﬁoteptiallvehigle'fbr initial work relating to the
operations of addition and subtrdgtion. ﬁuch of thg
emphasis in most ﬁ}rst-grade'mathematic§ curricula is
placed on teaching children to become fluent with
symbolically represehted problems and recall of basic
addition and subtfaction facts. Results from the present

substantial instruction on abstract problems and little

r

or no instrugtion on verbal probleﬁa gerforméd equally
well on problems in these two contexts. The obvious
question that derives from.this finding congerns tﬁe
influence of‘the abilit§ to solve problems in one context
on the ability to solve problems in the other. One could
arque thét’instruction on symbolic problems fgcilitated
;irst-graders' performance on verbal problems. This is
undoubtedly true, to some extent. However, it-appears
that kindergartners can solve verbal problems at least as
well ‘as abstract problems. In factt.overall,
kindergartners applied appropriate strategies more ofteﬁ
to verbal problems than to abstract proﬁlems. This

suggests that some young children may 8Qlve verbal -

problems without necessarily solving abstract problems or.

232
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‘aﬁ;?r\ learning;gddltlon anoq;ubtractzon facts. e ‘; <
‘ “A reasonable concluslon concernlng chlldren 8
‘ichIBitlon of the capab;llty to solve verbal and
~ S abstract problems is that three 81tuatlons may occur." .
For some chlldren experiences w1th processes such as
- joining, separating, comparing and egua11zlng may provide
the ‘basis for them to be able to solve verbal pr%blems
(using¥concrete representation'strategies) prior to the
time at which they can solve abstract problems containing
_wi” - no cues such as "getting" and:'giving away." The .
7 ° o clusteringSJQy problem type solved yield eight ucb -
"subjectg; seven kindergartners abd'one first-gr er
‘ solvedbjegCal problems but had difficulty with‘,,stract
; ' problenms. A ‘ . . .

l_ i

« For other children abstract problems may bé ‘easier

to solve initially because they @ no contain the

‘verbiage that verbal problems do. Four kindergartners

“ ano six first-graders exhibited difficulty jn solving

#

i ‘c .‘ certain verbal problems but no such oifficulty on
o - ' corresponding abstract probiems. 'Two'oﬁ tbese
- klndergartners were identified by their teacher as be1ng
’ in special language programs because of demonstrated
- language deficiencies. . '
. Foy a third‘group of childréﬁrthe capabllitles to .

i» - . sol e abstract and -verbal problems may develop [,'
. . | \ { )
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cqQncurrently (e}ther interrelatedly or indepenaently). A
large number of sﬁbjects at .both grade levels exhibited.
equal facility with vefbal and abstract problems. While
longitudinalldata would be necessary to determine whether
these éhildren developed the capabilities to solve verbal .
and abstract broblems simultaneously, it is plausible -
- that some of these.chiidren aeveloped these capabiltities
concurrently. 1In pa;ticular, children who understand
that an abstract problem can be aqiociated with each

verbal problem may develop the ability to solve abstract

and verbal problems of a particulai type at ‘the same

time.

e preceding conclusions suggest that teachers may

. ]
need to introduce the addition and subtraction operations

to some children via vgfbal problems, ‘problems they can o~
alpeady solve: Other étuéentq may have difficulty

‘ understandiqg the prose in verbal problems and may profit
mof; from working with_probiems similar to the abstract
problems used with the kindqréarten subjects. A wise

course of action would be for teachers to use verbal

o problems whenever possib;e to' supplement or supplant the

r

~more.limited emphasis on joining and separéting of sets
of‘objects currently used to provide initial experiences . "
. ith addition and subtraction. Such an emphﬁéis on

verﬁal problems would provide both the opportunity fer

L]
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some students to build their understlnding of addition
and subtraction on familiar problems and processes, as
well as providing an opportunity to learn processes for
-solving ‘erbal problems. |
Children's Strategies for.Verbal and Abstract Problems
The concrete representation and countiné’strategies
kindergartners and first-graders used forfgotﬁ'Verbal and
abstract problems are those that directly model the

action or relationship in the problem. Young children

clearly have independent conceptions of the various types

it

of subtraction problems.

Even though chiidren in both grades.exhibited the
same set of strategies for verbai and abstract problems,‘-
one difference repeatedly emerges concerning the
frequencies with whigh strategies were used. On problems
that were most familiar to 'the first-grade subjects
(those based on a+b=__ and a-b=__), they nsed the more !
abstract coonting and mental strategies more frequently
on problems presented in the apstract context than the
verbal context and concrete representation more
frequently on verbal than abstract problems. ﬁhen R
problems were iess familiar to first-graders (a+ -g),
they used concrete representation more frequently on the
verbal than the abstract problems and sometimesﬁused.

k4 L

guessing more frequently on abstract than verbal

-
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problems.
The preceding‘results,can be viewed from two

J’perspectives‘ Since abstract problems in some iéstances
elicit‘more éophisticated.counting and mental strategies,
it can be arqued that the structure of verbal problems is
80 compelllng that chlldren use concrete representatlon
even though they are capable of utilizing more abstract
strategies. Bowever, wher®Children are just beginning to
,learn to solve certa1n _problem types, the structure of
j verbal problems.may-be sufficiently sallent to enable
‘children to solve%problems_yhich they otherwise might not
JhavE‘soluedf _This suggestg,that‘verbal and abstract
problems may serve‘dirfé}eht but complementary purposes

a.

in instruo!ion on addltlon and subtractlon. Verbal
problems mfyht be usﬁﬁibest to introduce varlous ‘problem
types to chlldren. For exanple, subtraction problems canl
entail several:défﬁerent problem structures ‘(additive,
comparatfve, or subtractive) Verbal proplems appear to AN
be the most appr&pr}at? ones for effgctlvely 1ntroduc1ng
these to children. Abstract problems may be most
effectlvely use when the goal of 1nstructlom«1s to
encourage child en to develop or use more abstract or
efficxent strategies. On abstract problems children may

T .

be more llkely to (thibit the most eff;cient or abstract
strategy which they\are capable of’using.
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Thus, the ffnding that young children can solve
verbal and abstract problems equally well ﬁay suggest o
that. initial instruction on addition and.subtraction -
could bé‘based on;problems of one‘typekﬁs well as the
other,'the.st;ategies children use in these two contexts
suggest that verbal problems should be included in
initial instructién. ro. .
Kindergartners' and First-graders’' Strategies

Results of the study suggest that many kindergarten

and first-grade childgen'are guite capable problem

-~

solvers. Most kindergartners made reasonable attempts to

solve at least some of the problems, indicating that

" children at this level are capable of solving both verbal

and abstract.problems (when problems are read to them).
Even though no instréction on missing addehd problems had
occurred, such problems were appropriately solved by
nearly half or ‘more of the subject; in .each grade.
Fd}ther evidence for the problem solving capabilities of
these young childe®n is provided by‘the fact that more
than one-fifth of .the kindergartng;;_and one-fourth of
the first-graders useg the Btratggy irvolving the
derivation of a needed number fact from another known .
fact (Deri;ed Fact) at least once. 1In a limited sense,
these children demonstratgd the ability to apply Polya's

s

(1957) heuristic of solving a simpler or related problém.

/ o egd | -
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¥

The existence of the éteceding problem solving
capab111t1eé=suggests that initial instruction on
add1t1on and subtraction might be more effect1ve if it
were tailored to assess and eftend-‘the capab111t1es that
individuals bring to the insftuctignal process. It would
be wise for teachers to determine the strategies children
are cépable of uBing‘and then to encourage the
development of individuals' pt;blem solving capabilities

by uszng the Derived Fact strategy as a starting point

for introducing cetta1n problem solv1ng heuristics to
.

.young children.

Not sutﬁtisingly, kindergartners' sitategiesywete
less abstract than those of fitst;gtadets and reflected
an even closer telétionship to the structure of the
problem. However, many kindergartners did not rely
gsolely on concrete teptesentatiod strategies; they used

abstract strategies but simply used them'inftequently.

.Kindergarten children seldom used strategies

interchangeably, e.g.,'used both additive and subtractive
sttateg1es on subtraction ptoblems of a given type. Even
the first-graders exhibited less  use of concrete
teptesentation or counting strategies not teflect1ng
problem structure than did the subjects in Carpenter and
Moser (1981).

The increased level of abstraction of first~graders'
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strategies was also accompanied by a decrease in the
frequency of certain errors. Although first-graders used
the wrong operation and committed about the same’ number
of procedu;al errors as kindergartﬁers,.tﬂey less
frequent1§ exhibited errors involving identification of
the answer set, incorrect modeling, and sdperficial
solutioﬁs such as guessing. ‘

The preceding discussion suggests that
kindergartners and first-grade children exemplify
different levels in the acquisition of addition and
subtraction concepts and‘skills. At an early level
children are more likely to incorrectly model,
superficially intefpret, or fail to attempt problems;'and
their correct interp;etat;ons are often quite literal,
closely mirroring the structure;of the problem. Later,
children begin to abstract the essential elements of the
problem without a visible step-~by-step re-creation of thg
problem. At this level children no longer exhibit .
incorréct,modéling of the problem data, but éhey may be
un;ble to correctly interpret some problems (use the
" wrong operation) and still'may commit frequent procedural
errors such as miscounting or‘forgetfing the data in the
problem. At ;n even later.level, beyond that of the

first-graders in this sfudy, children may exhibit more

flexibility in their strategies; they mdy recognize the

]

239




W

(2261

equivalence of various strategies,'choose among them, and
use them intetchangeably for various problems.
Children's errors at this level become primarily
procedural, seldonm involving use of the wrong operation
or incorrect repfesentation or identification of the
answer. )

In order for children to progress optimally through
these levels it is necessary for teachers, at the
minimum, to be a;are of where etudents fall on this
continuum. This involves assessing students'’
capabilities and using their errors to diagnose
misconceptions. The clusterings of suhjects in both
grades indicate a great deal of variability among
subjects in these gradesi this is further evidence that
instruction is not simply a matter of teaching children
the "one way" to do addition and subtraction problems.
More attention shoqld be given to determining the
processes children use Qnd'building further instruction
upon what is known about the individual's capabilities.

Linitations of the Study '

The selection of subjects from ihtéct classes from
two available schools limits the extent to which the
findings of the study generalize to other samples of
kindergarten and first-grade children. Although the ~

subjects in the study were not atypical youngtters,<one“

-
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cannot alsume that the performance of children with
diffé}ent home experiences and different socioeconomic
backgrounds Yguld'ﬁecessarily be the same.

No data}were collected on any subject variables

other than age. This served to limit interpretation of

‘“the results of the study, particulariy the clusterings of

subjects. It was not possible te relate the solution

strategies typically used by clusters of squects or the
types of problems they could solve to other variables
such as memory or cognitive processing capacity,
spcioeconomic status, developmental level, or ’
achievement.

No attempt was made to contr91 the instructional
backgrounds of the subjects, so it is possible that
children with other instructional experiences could

exhibit different performance. This especially might be

true if children received more instruction on 'verbal

problems than did the first-graders in the present study.
No direct observation of classes was done to corioborate
the teachers' accounts of prior instructional
experiences. Hence, the possibility exists that certain
topics related td verbal and/or abstract addition or .
subtraction problems were introduced oi§streséed by being

presented to individuals without later recpllection by

the teacher.
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The tasks used in the study limited the results in

. several ways. Pirst,‘the only p}oblem types used were

those verbal and abstract problémé that previous research
had shown to be the least difficult for children in these
grades. The finding of no diffe}ences in children's

-

ability to solve corresponding verbai_and abstract
problems in this study does not'%reclude the existence of
differences in children's ability to solve verbal and
abstract addition and subtraction problems of other
types. Likewise, a comparison qﬁ the strafegies children
use on oth;r verbal and abstract préblem types may yield
differences bther than thosé found in the present study.

-

Secondly, the use of different modes of presentation
(Jral and written) fog abstracl'problems limits the
comparison of performance on thése problems ;cross the
two grades. Also, the abstract‘problems presented orélly
to Eﬁb kindergarten subjects ma; not have been perceived
as being substantially differené from the verbal probléms
regd to these subjects. Readinq the abstract proﬁlem to
the subject may. have transformed it to a type of pseudo-
verbal problem. This may have 8served to suppress any ,
differences between performanceron abqtracé and verbal
problems at the kindergarten level.

A third limitation resulting from the tasks used in

’
the study derived from the wording of the verbal

-
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problems. Inclusion of cue words such as "altogether,"
"left," and "put with® may haﬁe‘influenceé the strategies
subjects used on the verbal‘problems. Different ,

wordig?s may be less squest{ve‘of—SOme of the concrete //
représen‘ation stratéy{is that were used.

The procedures used in the interviews generated
several limitations. Foremost among these were the
subjective decisions made by the interviewers-when coding
'subjects' responses. The interviewers,occasionally .
encouﬁtered gsubjects who purported to recall number facts
but generated incorrect facts. These responses were
distinguished from guessing; ﬁowever, such disfinctions
can éasily‘qe questioned. Likewise, kigfergartners' use
of number facts on problems with sums less than six was
distinguished from counting on or counting back on the
basis of the subject's verbalizations. Again, since N
counting which involves so few counts may be difficult to
distinguish from recall of fac : the accuracy of the
coding of some of the kindergartners' responses on
probleﬁs with sums less than six canwbe guestioned.

The decision to make manipulatives available for all
kindergarten subjects precluded any between-grade'
;omparison of strategies used when no manipulatives are

available. Other studies (e.g., Moser, Note 5) have

shown that the availabii%py of manipulatives influenées

El
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the strategies children use to solve addition and -
subtraction problems. It is likely that kindergargners
who had no manipulatives available 'would exhibit somewhat

different strategies ?ﬁ/bhe problems used in this study.

" The strategies used by the kindergartners in the present

study are not necessarily those tpat'wéuld have been used
by the subjects if manipulatives had not been availaSle.

Use of stanéard'séts of tasks for the'interviews
limited the extent to which they were able to assess
children's capabilities to solve various types of
problems. . For example, if a subject guessed.or'apb;ared .
not to prw hpw to solve a certain problem, this one. »
attempi was acceptéa'as an assessment of the child's
performance on such a problem. The interviewer was not l
free to pursue several examplés of one pr&blem type or to
reword or revise problems QUring.the interview. This
made it impossible to gather the vafiety of data which
can pe garnered from a tfue clinical interview.

g Implicatiops for Future Research

As is often the case, the present study raises as
many questions as it has answered. The limitations of
theastudy suggest a number of extensions, and the results
of the stu@y lead to additional researchable questions.

These potential reseﬁ;gh areas fall into the three

categories which follow.

244
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Extensiops of the Problen Domain .

The stLdy revealed no differences (as meésured by
correctnesh or use of an appropriate strategy) in ~
children's abiliity to golve verbal and abstract problems
of the form a+b=__, a-bQ__, and a+__=c; future research
should investigate differences on éortesponding abstract
and Qérbal problems based on a-__=c, __+b=c, and __-b=c,
Verbal problems might be worded both to minimize the
influence of cue words or to:n;ke maximum use of such
'wordings to heighten the differeﬁces'betweén verbal
problems and their abstrac; counterparts.

By administering problems from the present study and
the extended domain discussed‘previously with children in
kindergarten through grade three, one could get a more
complete picture of children's performance on verbal’and
abstract problems. Data on ppoblems drawn from a -variety
of number'size levils administered to subjects in second
and t%ird grade would provide information from childreh
who have received substantial instruction on fhe addition
and subtraction algorithms and would highlight the
effects of such instruction on both verbal and abstract
problems. One miéht.also use a variety of problem types
to determine, by means of clinical interviews, whether

older children's counting strategi€s are based on problem

structure.or the efficiency of alternative counting

. 245
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procedures as suggested by Woods et al. (1975). A
further interesting exténsion would be to include two--
step addition and subtraction problems since these
typically are ;he‘most difficult for chil@ren in later
grades. - \\\“/f ’.
Assessment of Individual Differences

The results of the cluster analyses demonstrate the .

viability of differentiating among individualé according .

_to their solution strategies. Particularly at the first-

grade level, identifying children by the strategies they
use may yield-more information'than classifying children
according to the tygeé\of problems they can solve. '

The present study also demonstrates the viability of

_using verbal and abstract problems within the partially

standardized clinical interview procedure for children at
the kindergarten level. A reasonable next step would be

to use more intensive clinical interviews'with

, kindergaféen and first-grade children to explore’in depth

the difficulties children encounter on certain problems,

to'assess the effectiééness of brief but iftensive

individual instruction for diminishing those

difficulties, to further examine young children's use of

- problem solving heuristics, to attempt to determine how

children choose among alternatives within their

repertoire of strategies, and to investigate the extent

4
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’ g’reasons why- children who are ggpable of u81ngfconcrete

Q!P1ldren. In a morergenuine clinical interview it might

; ountlng procedures. Orzfe Treate conflict among dxxferent

sentepce form. Young children often solve_ verbal:

. L | | - [233)
o I N
to which children mentally manipulate or transform ’

certain. problems presented in the abstract number

. sentence comtext prior to solving them:

-

‘ An in-depth assessne\E of children who have
exceptional d1f!1cu1ty w1th certain addgylon and

-

L3

subtractlon pr 8 or whose language difficulties

S
contr1bu€e to their 1nab£§1ty to solve verbal problems
mlght yield further suggestlons for 1nstruct10n for such

~

. be p0531b1e for the. 1nterv1ewer to ga1n 1nsight into the

representation, counting and mental strategies use one -
strategy for a certain problem and a different one for a s . a

. \
simila&s problem.” In the past researchers have seldom

-t P ~%
R g ¢ . »”

. Aﬂ!l'

" been successful in identifying children's:motives for

such choices; perhaps by allowing t \ ﬁerviewer to

S I 4 ]
demonstrate the equ1valence of diffekent modeliég or S

solution procedures, the clinical 1‘E§rv;ew might sheqd * -

light on some of the less visible or verbal le aspects

of children's solutfon processes. o .

Interview data can also pfov{de information- about .

how child"h inteipréb\ahd manipulate problems in number’ .

sroblems without translating preblems to number RN
p .
. » " —

r
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sentences. It is possible that children occasionally

think of their model&ng of- abstract problems in terms of
. &

some form of a vérbal problem. Such a relationship

between abstract and verbal broblems can have, important

implications for the sequencing of instruction entailing

problems in verbal aod abstract contexts. A more in-
depth 1nterview mlght also provide 1nslghts 1£kb .
potential subject va;iables, for example, information
processing capacity, that might account for'dfffering

levels of children's acquisition of addition and

~

subtraction concepts and skills and the range of -

]

individual differences encountered among the subjects,in

the present study. -
Instruction op Additiopn and Subtraction

The ultimate goal of status studies such as this one '

#
.

is to provide information which can yield direction for

»

adapting” instruction’to the capabilities and needs of the
learners, . While the present study can in no way -’

prescribe'optimal initial instruction\gp addition and

isubtraction, it can suggest some directions for research

. réii&ing to instruction. Foremost among these is

research dimed at comparing various emphases and/or
. .

s%quences of 1ntroduct1on of verbal and abstract problems

in intial instructidn relatxng Eg\add1tfon and

subtraction. The clusterings of subjects, especiéli& at
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.

» .the kindergarten lévei, indicated thag children are
L3 ’ . >

differentially capable of solving vérious types of
addition and subtraction problems. Research is needed to
determine whether these children also may.profit
differentially. from instruction which is seqpénced in a
gisven way. '

Another more general area which may b€ fruitful for-
research is the assessmént of young children's use of

ftoblem solving heuristics, The present study indicates

"that some young children are capable of using certain

.problem solqing heuristicé and that they somehow are able

to choose strategies from among a variety of

alternatives. - In order for the mathematics curriculum to

.

incorporate instruction on such aspeéts of broblem

solving, much more research needs to be done to identify'

those mathematical problem solving processes that/aevelbp'.

early as well as when and how instruction can enhance

that qeveiopment.

.~

conclusiop

Three principal conclusions can be drawn from tlis

'S

study. First, at the kindergarten and first-grade levels

- it is not the case that verbal or word problems are more

a;fficult_than corresponding abstract or symboiic
problems. Children in both grades performed equally welY

on\problems in the two contexts, indicatiﬁg that verbal

\

4

' 247




o - ‘ ‘e . . [236]

»

"
problems are an appropriat: adjunct .to abstract problems
" for initial instruction on addition and subtraction,
~ A second conclusion is that many young children use-'
'a variety of strategies to. solve addition and subtraction
. problems even though strategies are often closgly tied to
problem structure. They also use somewhat-different
- : istrategies on verbal and abstract problems. These
differences, namely, more frequent use of concrete
representation strategies on verbal problems and more
guessing, counting, ‘and mental strategies on abstract
‘problems, suggest that verbal problems may be the most~
appropriate ones for initial instruction.
A third con¢lu§ion is that although children in
grades K and 1 appear to begin to progress toward more

abstract strategies, there is substantial variabilty

' among children both in terms-of the strategies they

typically use and the types of problems they are capable

of solving. 1In addition to the variability among

’ Mects in each grade level, the variety of strategies
N | ‘ uged by inqividuals suggests that, in some cases,
comparable variability enists within individuals. lhus,
it is important for instruction_to bé designed to take‘
« ' into account such individual differences.
brownell (1941) argued that experiences with the

’

number combinations must be "well-chosen and wisely

250 ¢




directed” (p; 44). By documenting young children's
solution processes for verbal and abstract addition and

subtraction problems the present study has contributed

data from wﬂgzh choices céncerning appropriate initjal

insifuctionél experiences relating to'addition and __ _
subtractibn_can be better determined.
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Verbal Problem Stgms
Join

Judy had ._ stamps. Her mother-gave her __ more
stamps. How pany stamps did Judy have altogether? **

) Wally had __ pennies. His father gave him __ more
pennies. How many pennies did Wally have altogether? *

(Q.mein.e
[ ]
Fred saw __ tigers. He also saw __ elephants. How

many animals did Fred see altogether? **

Sara has —— sugar donuts. She also has __ plain
‘donuts. How many donuts does Sara have altogether? *

_Separate

Joan had __ apples. She gave __ to Leroy. How many
apples did Joan have left? ** J

Mike had __ kites. He gave __ kites to Kathy. How
many kites :did Mike have left? ** .

‘Tim had __ stars. He gave __ stars to Martha. How
many stars did ?im have left? *

Ann had __ balloons. She gave __ balloons to
Willie. How many balloons did Ann havi left? *

* ’
Join/Change Unkpowp
Joe has __ books. How many more books does he have
to put with them so he has __ books altogether? **
8usaﬁ has __ cookies. How many more cookies does
she have to put with them so she has _ cookies

altogether? ** -

Kathy has __ pencils. How many more pencils doés
she have to put with them so she has __ pencils
altogether? *
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. John has __ cats., How many more cats does he have
to put-with them so he has _- cats altogether? *

* - Used for‘grade K, small number problems
and grade 1, larger number problems

** - Used for grade K, larger. humber problems
and.grade 1, small number problems

v
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- "Number Triple Orders

Kindergarten (small pumbers) !
Prpblqm "
a+b=__ ;-b-__ a+_d:§ a+b-_; a=-b=__ a+_;=c

Order )

1 1,45 2,3,5 1,3,4 2,3,5 1,3,4 1,4,5
. 2f3,5' 1,3,4 1,4,5 1,3,4 .1,4,5 2,3,5

1,3,4 1,4:5 2,3,5 1,4,5 2,3,5 1,3,4

1,3,4 2,3,5 1,4,5 2,3,5 1,4,5 1,3,4

N s W N

2,3,5 1,4,5 1,3,4 1,4,5 1,3,4 2,3,5
6 1,4,5 1,3,4- 2,3,5 13,4 2,3,5 1,4,5

* Thesge orgers were assigned to problem types rather
than to a sequence of pr.oblems; this was done to
' pPrevent the same triple from appearing twice for
a given problem type. -

\ |
Eindergarten (larger numbers)

H
and First-grade (small pumbers) ;
Order of Problem in Sequence of Tasks !
1 2 3 ‘ 5 6
. Order '

1 36,9 2,57 27,9 2,46 3,58 2,6,8
2,6,8 3,5,8 2,46 3,6,9 2,7,9 2,5,7
2,5,7 2,6,8 3,6,9 3,5,8 2,46 2,7,9
3,5,8 2,4,6 3,6,8 2,7,9 2,5,7 3,6,9'
2,4,6 2,7,9 2,5,7 2,6,8 -5;6;9' 3,5,8

A
(-] wm L w [ V]

2,7,9 3,6,9 3,5,8 2,5,7 2,6,8 2,4,6




Eirgt-grade (larger numbers)

Order of Problem in Sequane of Tasks

1

6,9,15
5,9,14

4,9,13

4,8,12
4,7,11
3,8,11

2

4,9,13
4,8,12
5,9,14
4,7,11
3,8,11
6,9,15

3

3,8,11
4,7,11
6,9,15,
5,9,14
4,9,13
4,8,lé~

4

4,7,11
6,9,15
4,8,12
3,8,11

5,9,14

4,9,13

~
-

5 6

4,8,12 5,9,14
3, 8,11\ 4,9,13
4,7,11 3,8,11
4,9,13 . 6,9,15
6,9,15 4,8,12

5,9,14 4,7,11

(2561
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Tésk Orders

Interview Task
]

Task Order 1 2 3. 4 . 5. 6
1. A2% oS3 s2 S4 Al sl
2 s2 Al s3 s1 sS4 . A2
3 ‘M &1 s4 A s 83
) 4 sl A2 sS4 Al S3 82
‘5 A2 5S4 Sl S3 S§2- Al
6 A 52 s3 sl A2 sS4
* Tasks:

Al - Verbal: Join
Abstract: a+b=__

A2 - Verbal: Combine
Abstract: a+b=__

S1 - Verbal: Separate (small difference)
Abstract: a-b=_. (emall difference)

' §2 - Verbal: Separate (large difference)
Abstract: a-b=__ (large difference)

S3 - Verbal: Join/Change Unknown (small difference)
Abstract: a+__=c (small difference)

S4 - Verbal: Join/Change Unknown (large difference)
Abstract: a+__=c (large difference) :

ERIC | | 272
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. Sample Ig}ervie;sm '
Problems Admipistered to Kindergarten Subiect $lls °
First Interview --)Abstract Problems
Problems w1tg small numbers (sums ;ess thag 6) N
- l. "Five take away three is how many?'
2. "One and'three are how many?" v , )
‘3." "One. and how many are five?" -
4. -"Two and three are how many?"
) 5. "Three and how many are four?" :
6. "Five take away one is how many?" -

) Problems with larger numbers (sums 6 through 9)

1’4

l. "Three and six are how many?"
2. Five aﬂé how many are seven?"
\\ 3. "Nine take away two is how mang?"
4. "Two and how many are six?"
5. "Three and five are how many?"
6. "Eight take away six is how many?'
Second Interview -- .Verbal Problems

Problems with small numbers (sums less than 6)

l. "sara has one sugar donut. She also has four
-Plain donuts. How many donuts does Sara have ~
altogether?” > .

2. "John has two cats. How many more cats does he
have to put with them so he has five cats altogether?"

A ]

3. "Tim had four stars. He gave. three stars to’
Martha. How many stars did Tim have left?"

- 4. "Kathy has four pencils. How m ‘9ny more/pencils
‘ does she have to put with them so sherhats five pencils

274

¢~




-’ 0" ‘ /.’ b ] *_

e S . : T | [261)

R éltogether?' ‘

’ "f' ’ ' ‘ 5.«"Ann had five balloons\ She gave two balloons

TN o te,Qxllie. How manx<hllloons dld.Ann have left?"

- - < AN - -

f .o . - 6. 'Wally had one. penny. His father gave him three

- 3 ' e more pennies.~ How many penn1es did Wally have . )
R R altdgether?' R . L -

Problems with’ larger numogrs (sums 6 through 9)'

) + 1.,-"Judy had two stamps. Her mother gave her -five - !&) .
. more stamps. -How many stamps did Judy have altogether?" )

. 2. 'yike had eigh ‘%1tes. Heé gave two kités to N
Katlry. How many kites did i have left?'

. F 3. "Joe has six boobs."ﬂow many ‘more bogks does he
' y ) ‘ have_to put’with them 80 he has n1ne books altogether?'
\ -

_ . 4. "Joan had eight apples. She gave five apples to T
~ Leroy. HOw many apples did Joan have lefp2® ’

@ Lo 5. ﬁ'Fred saw two tigers. He: also saw four &
. elephants/ How man animals did Fred see altogether?'
i J b @
.-, 6. l'Susan has two<cookies.‘ ‘How .many more cookies
- does she have to put with them so she has nine cookies
altogether?" ' . ‘2 L.
mmwmmm.ﬁnﬂmn.mnmuz - R S
. . . 3 .
- . S " Pirst Intgrvlew -- Verbal Problems . "ﬂ -
- . >
- Problems with s&all numbers (sums 6 through 9 . . )
F (
A o 1. “Mike had eight kites. ‘He §ave two kites to-
- T« %" Kathy. How many kites did, Mike have left?* - 3\\
T . . -2, 'Judy had.three stamps. Her mo®her gave her o
ole T f1ve more stamps. How many stamps;did dey'have ;
. - altogether?' T ! T
. " * ) "y 3. \Bbtha our books. How many more bo ks does
e - \he havegt h them so’ he has six books/afﬂogethe;?%
) - 124
| ‘7 : N 4. -'Joah had nine apples. She ,gave six‘apples‘to
g Leroy. How many applés did Joan have left?" ' .
& - . ' ‘ - Aa ' ?-\‘- P ' »
- ‘ .+ 5, 'Susan hés - two cookies. ob\pany more cookies
}F\' * _‘~ ) . » ..
:i’.‘ .~ ’ \", ‘. . g ) * \ v DY 4 z
E*‘ o« ! ..' . ) 23753 L - c? C
§LRICS - . : R
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. does she have to put with them go she has nine cookies
altogether?' v . .

6. "Fred saw two tigers. He also saw five
¢ elephdhts. How many animals did Fred see alfogether?":

Problems with larger numbers (bums 11 through 18)
. »

. 1. "sara lme four sugar donuts. She alsa hai’eight
plain donuts, How many donuts does Sara have ’
_ algogether?'

W

v

2. "John has four cats. How many more cats does he
have to put with them.so he has eleven cats altogether?”

' »
) 3 ’//&Lm had fourteen stars.dvﬂe gebbnaine stars to
Martha., How many stars did Tim h3Ve left?®

4. "Kathy has eight pencils. How many more pencils
does she have to put with them so she. has eleven pencils
‘ altogethet?' v .

-5. "Ann had thirteen balloons. She gave four.
‘balloons to Willie. How many balloons did Ann have

left?" .
i ’ T«
o - 6. "Wally had six pennies. Hig father gave. him
nine mere pennies. How many pennies did Wally have
" altogether?"” i : e’
o Second Interview -- Abstract Problems . d
- - ‘L . L .
» ", Problems with small numbers (sums 6 through 9) v
1. 2 +4 = __ R . ~
. LS L’ ~
2, 97 = _* . , i -
3. 24 __ =7
4, 2 +6 = __ T I ,
q 5. 9-3'% _ ’
L 4 ) : -ﬂ
4 4' 6. ‘5“ __.,_-8 . ,‘ )
Problems with largg; numbers (sums 11 through 15)
L 1, 11-8-___ “' ’ ) -
i . o - »
~ ' - . —
| L R76 - >
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Interview Protocols

X Here are some VYbjects. I'm going to sort the
) ) objects into two piles. (THREE YELLOW TRIANGLES ARE PUT
* INTO ONE PILE AND THREE BLUE RECTANGLES INTO ANCTHER.)
This piece (A YELLOW RECTANGLE) is yours. You :
h decide which pile you'd like to put it into. (CHILD
P PLACES OBJECT INTO PILE.) i

’ Very godd." How did you decide to put it over there?
' (CHILD DISCUSSES WHY ONE PILE WAS CHOSEN.)

ﬁ (A SET OP SEVEN "CUBES IS PLACED ON THE TABLE.) Here
X_ is a’'pile of blocks. How many blocks are in this pile?
(CHILD ANSWERS.) o -,

(A SET OF FOUR PINGERS IS HELD UP.) How many fingers
am I holding up? (CHILD ANSWERS.) (IF AN INCORRECT
ANSWER, OR ANSWERS ARE GIVEN, A SIMPLER PROBLEM SUCH AS
ENUMEfATING A SET OF 2 FINGERS. SHOULD BE GIVEN AND THEN A
FURTHER ATTEMPT MADE TO\GET THE CHILD TQO RESPOND
CORRECTLY TO THE PROBLBM ANSWERED INCORRECYLY.)

, (TWENTY CUBES“ARE PLACED ON THE TABLE.) ,Make a pile

of six blocks for yourself. (CHILD FORMS. A SET OF

CUBES.) . . )

~

) .+ Can you hold up four fingers? (CHILD HOLDS”UF~
. ; -FINGERS.) (IF AN INCO T ANSWER OR ANSWERS ARE GIVEN, A
\\ SIMPLER PROBLEM SHOULD AGAIN BE GIVEN AND THEN A FURTHER
) L

ATTEMPT MADE TO GET THE CHILD TO RESPOND CORRECTLY TO THE
" PROBLEM ANSWERED INCORRECTLY.)

3 . 0
4 At -

Addi&ign;ggg_Snbzxas:ign.Iaakn
A & s * -
- : I'm going to read you .some number stories “(number
. puzzles). Each story has a question. Sometimes.I may

ask you how you figured out your answer. Since I can't

remember everything yga say, I*11 be writing some thingsd

on this paper. Here are some. cubes that you can use to

help you answer the guestions. (PUT CUBES QN TABLE.) You.

may use the cubes. or your fingers or anything else that: .

you think will help you answer the questions. Here's the \\\

first story. (READ THE PROBLEM. IF THE CHILD ASKS “FOR

.-, ¢ IT TO BB REPEATED, REREAD THE PROBLEM AS OFYEN AS  ° .
REQUEBTED. IF TBE CHILD _LOOES PUZZLED, SUGGEST : .o~

. ] R \
, -




REREADING. )

|
(For flrst-grgde abstract problems use this
modification.) .

. (PUT ‘“THE CARD WITH THE PROBLEM IN FRONT OF THE
CHILD.) Can you read this for me? (Other versions -- How
do you read this one? or What does this say?) (IF THE
CHILD DOES NOT READ THE PROBLEM CORRECTLY CODE THIS,
NOTING THE HISTAKE CORRECTLY READ THE PROBLEM FOR THE
CHILD.)

(ONCE THY PROBLEM HAS BEEN READ CORRECTLY ASK THE
CRILD TO SOLVE IT.) What number should be in the box?
(Other versiong -- What number should this (POINT TO BOX)
be? or Can you 11 me what number goes, here?)

(CODE THE CBILD'S RESPONSES. DO NOT PROVIDE
ASSISTANCE. IF THE CHILD ASKS FOR HELP, RESPOND WITH A
. NEUTRAL STATEMENT SUCH AS: See if you can figure this one
out.) (QUESTION THE CHILD AS NECESSARY TO CLARIF
AMBIGUOUS STATEMENTS OR ACTIONS.) .

’ N\ .
(IF CUBES WERE USED PUT THEM BACK INTO THE PILE.)
Here's the next story. (REPEAT THIS PROCEDURE FOR THE
OTHER FIVE SMALL NUMBER PROBLEMS.)

, (PAUSE éEFORE READING THE PROBLEMS WITH LARGER\&
NUMBERS.) Here are some stories. Remember, if you wish,
you can use the cubes or your fingers organything else to
help you answer the questions.

(REPEAT THE' PROCEDURE USED FOR THE SIA SMALL NUMBER

. PROBLEMS WHEN PRESENTING THE LARGER NUMBER PROBLEMS.)

Debriefing Task ] . S
(PUT THE SET OF GEOMETRIC PIECES ON THE TABLE.) Here

‘are some pieces. 'Put them into two piles any way you'd

like. "(DISCUSS THE CHIL%’S SOLUTION )

-

[
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Coding Sheet
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Comparison of Data From Two Schools

Al

Percentage of Correct Answers

Problem Type School Correct ° Incorrect No Attempt
(aggregated across ' :

both number sizes

and both contexts)

a+b=__
a+b=__

a-b=__
'(émall difference)

a-b=__ .
* (large difference)

a+__=cC
(small differencg)

a+__m¢
(large difference)

~




Percentage of Use of Most Frequently Used
Strategies by Subj?cts from Two Schools

Ptonem Type - School Strategy *

(aggregated across

both number sizes CA 8§ -Cs. CL #F GU G# oOpP
and both contexts)

at+bs__ 34
‘B- 31

3
) ( A
a+b=__ A 36 ' \i
. B 29

‘+

a-b=__ A 50
(small difference) B - 42

a~b=__ .. - A 42 -
(large difference) B 36

\
-#F

- ‘ -
a+__=c , A 16
(small difference) B 25

at__=c ", A | 10
‘(large difference) B . . 16

* Strategies: . T '

'CA = Counting All : § - Subitize :

CS - Counting On From Smaller CL - Counting On From Larger
F - Separate From ) A0 - ‘Adding gn

AG - Add On/Given Number DF - Count Down From

DT - Count Down To o ‘UG ~ Count Up From Given
DR -~ Derived Fact : . #F - Number Fact

GU - Guess ) . G¢# Given Rumber

OP - Wrong Operation . : .

+

\J

No

Attempt

2
2

1
2

No
Attempt

2
5
0
5

- No

Attempt

2-
3

3
« 5

(4
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ON SIX PROBLEM TYPES '
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»
(a+__=c)

’

—

. Abstract Abstract Abstract
(a=b=__)

(a+b=__)

/

Problem Type

la+__=c)

On Six Problem Types
Verbal

Frequency of Use of Appropriate Straéegies
Verbal

(a+b=__) (a-bf__)

S
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Numbgr

.Grade K

340333042040324104104204401424444204

* -

-

34034401442144444444\“404332444344404
AY

ve

TTATTANOMMOMOQAMNITMTANMOOTNOCOTNMANTMHO T
)

’

o~

44244404&0104443143341443004r43¢0314

-

- ' .
. v .

AN

~

‘ . _
ANMNMFNOUSOANOANMTINOFROTRO N ANMTNONDORAOD~NM™M WO
11111111112222222.2223333333

L] T

™\




-
¢ . .
) N oﬂ -~ I v
. ) e
L . : ] .
r— &) o~ h
- Vo . . . '
3 ~ < W - . . . . -
s VY N Lr... _ MO YO OTOLTONM PR LOHOMPOLTLLTMOLTOMNMNTNDS
— - . . - '
" o’ 0 + . R
. a8 . ) S ~
4 o
N A X - .
o~ . : . . '
g | . . ' L L
ax. . ma U.M-u 4034114040412& . LTI NL T IMNMTTIOrTMNMEr
e awll £
wa v - ' -
g o
. . W .
\ &) o~ h\ . N . v Y
3] . . " N
' » a — - ; v - . -
m- B#. ) ) H - - .
Ho2s- . /.
) £ .
H o~ -
m ln-v N . ) -
\ . . .
> o [ )
.- Q) ©
(<N >~ rs
)— /
= - 7
— . . . -
/ M_..._d ’ 4 - .
]
o i K
. \l—.
o . : ) .
- onr 1 A WAL AT ATOTANT T R R R PR R R R R R R R L R R L
L0 0 p .
[ + q . J
U o O™ )
S~ “m N ", -
3 FOAOOANMIENOSORNO 123456789012“ VRMNO~MN
® wn OO NPT S N lllul rtrdrdtr4 4N NN
. . N
o |
L3
/& : .u .
< ~ i
i . 4 .
I A F Y




i

[275]

.,

Problem Type
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s - . ’
Freqﬁency of Use of Strategie%~
Strategy Abbreviations: ‘
‘CA = Counting All
S - Subitize
CS - Counting On From Smafler Addend

- - CL - Counting Oh From Larger Addend

- F - Separate From
T - Separate To
AO'- Adding On
‘ AG - Add On/Given Number
DF - Coun;ing Down From
DT - Counting Down To
UG - Counting Up From Gi;en
DR - Derived Fact - : :
#F - Number Fact - i
GU -'Guess | -
- IF - Inappropriate Fact
"\ . G# - Given Number .
v ) OP - Wrong Operation
- * MBS - Models Both Sets
L ACU - All Cubes Used

}Q,— Uncodable

' No - No Attempt ’ .

- .
U -
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